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STATEMENT

Chapter 1 covers basic material concerning group presentations, monoid presenta-
tions and some related topics with them. Most of these are standard and are taken
from [49], [50] and [51].

Chapters 2-5 are my own work, with the exception Section 4.3.4, as well as the

other material indicated within the text.
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ABSTRACT

In Chapter 1 of this thesis we review existing theory concerning group and monoid
presentations, and the concept of pictures over these. We also recall aspherical, combi-
natorial aspherical, n-Cockcroft (n € Z1), efficient and inefficient presentations. Mini-
mality is the final concept introduced in this chapter: we present an important theorem,
due to Lustig in the case of groups and to Pride for monoids.

In Chapter 2 we prove necessary and sufficient conditions for the presentation of
the central extension to be p-Cockcroft (p a prime or 0). The starting point of this
result is the joint paper of Baik-Harlander-Pride. We end the chapter by giving some
examples.

In Chapter 3 we prove a theorem on the efficiency of standard wreath products of
two finite groups. We also present some applications of the theorem and end by giving
examples.

Chapter 4 sees discussion on the semi-direct product of any two monoids. In par-
ticular we prove necessary and sufficient conditions for the standard presentation of
the semi-direct product of any two monoids to be p-Cockecroft (p a prime or 0). We
end by giving some applications of this theorem to the direct product of two monoids
and the semi-direct product of two finite cyclic monoids.

We begin Chapter 5 with an application of the main theorem of Chapter 4, namely
we give necessary and sufficient conditions for a presentation of the semi-direct product
of a one-relator monoid by an infinite cyclic monoid to be p-Cockcroft (p a prime or
0), and give some examples of this. Following this we present the main theorem of this
chapter, which is sufficient conditions for the presentation of a semi-direct product of
a one-relator monoid by an infinite cyclic monoid to be minimal but inefficient. We

end by giving some examples.
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NOTATION

Let G and H be groups.

Gx H the direct product

Ge H the direct sum (where G, H are abelian)

GR®H the tensor product (where G, H are abelian)

G xg H the semi-direct product of G by H with H-action 6
G H the standard wreath product of G by H

G/H the quotient group of G by a normal subgroup H
G=H G is isomorphic to H

G’ the derived group (commutator subgroup) of G

G H,(G) the first homology group of G

Hy(G) the second homology group of G (= Schur multiplier)

Aut(G) the group of all automorphisms of G (see note page x)

la, D] the commutator of @ and b (= aba™'b71, a,b € G)

Lo, the finite cyclic group of order n

t(A) Let A be a non-trivial finite abelian group. Then A can be uniquely

decomposed [54] into a direct sum of cyclic groups, that is,
A=Zm, ® Ly, ® -+ D Ly, where my > 1 and m; | m;1q
forall i =1,2,---,n — 1. Then t(A) is my
(the first torsion number). If A is trivial then ¢(4) =0
7.G the integral group ring
7" the free abelian group of rank n

P = (x; r) group presentation

F(x) the free group generated by x

G(P) group defined by P

(W] free equivalence class containing the word W
w the element of G(P) represented by W

L(W) length of W
L. (W) lenght of W with respect to x
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exp, (W) the exponent sum of z in W

~ freely equivalent

~p equivalent (relative to P)

x(P) Euler characteristic of P (=1 — |x| + |r|)
X(G) Euler characteristic of G

(G) =1 = rkz(H1(G)) + d(H(G))

rkz( ) the Z-rank of the torsion free part

d( ) the minimal number of generators
def(P) deficiency of P

def(Q) deficiency of group G

(T1)*, (T2)* Tietze transformations

P a picture over P

oP the boundary of P

W(P) the boundary label of P

<P> the equivalence class containing P
o (P) the second homotopy module
expp(P) exponent sum of R in [P

A disc in the picture P

0A boundary of A

¥ a transverse path

W(y) the label on ~

v a spray

I,(P) the second Fox ideal over P

X set of generating pictures of my(P)

Let M and K be monoids.
M xyg K the semi-direct product of M by K with K-action
M=K M is isomorphic to K

End(M) the monoid of all endomorphisms of M (see note on page x)
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5(M)

def(P)

expg (P)
()

1" (P)

D(P)

I'=(V,E)

the free abelian monoid of rank n
monoid presentation

the free monoid generated by y
monoid defined by P

a positive word on y

free equivalence class containing W

the element of M (P) represented by W
length of W

length of W with respect to y
equivalent (relative to P)

Euler characteristic of P (=1 — |y| + |s|)
Euler characteristic of the monoid M
=1—rkz(H(M)) + d(Hy(M))

the Z-rank of the torsion free part

the minimal number of generators
deficiency of P

deficiency of monoid M

the Fox derivation for a fixed y € y

an atomic monoid picture

a path in D(P), that is, a picture over P
the exponent sum S in P

the right second Fox ideal over P

the left second Fox ideal over P

Squier complex

is a trivialiser of D(P)

a graph:
V' vertex set
E  edge set

t(e) inital vertex of edge e

1X



7(e) terminal vertex of edge e

—1 inverse function

In set theory:
AUB the union of the sets A and B
ACB A is a subset of B
| Al the cardinality of A

Let Z and Z* be the sets of all integer and positive integer numbers.
For any a,b € 7Z,

hef(a,b) highest common factor of a and b

Throughout this thesis, all maps will be written on the left, except when
we work with the monoid End() and the group Aut( ) then we will write

maps on the right.



Chapter 1

Preliminaries

1.1 Words

Let x be a non-empty set. We define x~! to be a set in one-to-one correspondence with

1

x, r < ' (z € x), and let x*! = xUx~L. +1

The elements of x*' are called letters.

Then, a word W (on x) is an expression

P, (L1)

where n > 0, x; € x, ¢, = £1 and 1 < i < n. The initial letter of W is «(W) = z°* and
the terminal letter of W is 7(W) = a®». If n = 0 then W is the empty word, which we
denote by 1. We say W is a positive word on x if either n =0 or n > 0 and ¢; = +1,

1 <i < n. The inverse of W, denoted W1, is the word

—Enxfenfl . x1—81'

xn n—1

Let W be a word as in (1.1). The length of W, denoted by L(W), is the number
of the letters involved in WW. The length of W with respect to x, denoted by L,(W),
is Z|€Z| Also, the exponent sum of x in W, denoted by exp, (W), is Zsi. If w

Ti=x

is empty word then L,(WW) = 0 and exp, (W) = 0. Note that if W is a positive word
then L,(W) = exp,(W).
Let W, U be two words on x. The product of W and U, denoted WU, is the



juztaposition of W followed by U. By this binary operation, the set F (x) of all positive
words on X then is a monoid with identity 1 called the free monoid on x.
Two words W, W’ on x are freely equal, denoted W ~ W', if one can be obtained

from the other by a finite number of applications of the following operations.

(1) : Deletion of a pair of inverse letters 2%, ¢ = £1.

(1)~! : Insertion of a pair of inverse letters z27°, ¢ = +1.

We denote the free equivalence class containing W by [W]. Let F(x) be the set of all
free equivalence classes of words on x. A multiplication can be defined on F(x) by
[W][U] = [WU], and one can check that this is well-defined. By this multiplication,
F(x) is then a group, the free group on x (see [35, Chapter 1]). We note that sometimes
we may simply write W for the free equivalence class [W] for any word W on x, if it
does not cause any confusion.

W =UWV (U, W, V are words on x) then W is a subword of W’. We say that
a word on x is reduced if it does not contain any subwords 2°x7¢ (x € x, ¢ = £1).
Moreover, z7'a5? ---a25» (n 2 0, x; € x, ¢, = £1, 1 <@ < n) is cyclically reduced if it is
reduced and x7' # z;,°".

The proof of the following theorem can be found in [18].

Theorem 1.1.1 (Normal Form Theorem) There is exactly one reduced word in

each equivalence class.

1.2 Group presentations

A group presentation

P=(x;r) (1.2)

is a pair, where x is a set (the generating symbols) and r is a set of non-empty, cyclically
reduced words on x (the relators). We say that P is finite if x and r are both finite.
We should remark that we will use angular brackets (- --) to denote a group presen-

tation; square brackets |- -] to denote a monoid presentation (see Section 1.3).



Throughout this thesis, all group presentations will be assumed to be
finite unless stated otherwise.
In order to define a group associated with P, we intoduce the following elementary

1

operations (in addition to the operations (1) and (1)~' above) on words on x. Let W

be a word on x.

(2) : If W contains a subword R® (R € r, ¢ = £1) then delete it.
(2)7! : Insert R° (R €r, e = +1) at any position in W.

Two words Wy, Wy on x are equivalent (relative to P ), denoted Wy ~p Wy, if there is
a finite chain of elementary operations of types (1)*!, (2)*! leading from W, to Wh.
Now ~p is an equivalence relation on the set of all words on x. Let [W]p (or simply
[W]) denote the equivalence class containing W. A multiplication can be defined on
equivalence classes by [Wi]p.[Wa]p = [W1W3]p, and this multiplication is easily checked
to be well defined. The set of all equivalence classes together with this multiplication
form a group, the group defined by P, denoted G(P). The identity in G(P) is [1]p.

A group G is said to be presented (or defined) by P if G = G(P).

Let N be the normal closure of {[R] : R € r} in F(x). The proof of the following

lemma can be found in [35, Proposition 4].

Lemma 1.2.1

G(P) = F(x)/N.

We will denote the element [W]N of F(x)/N (= G(P)) by W.

1.2.1 Tietze transformations

Let P = (x; r) be a group presentation. We define elementary Tietze transformations

on P as follows.

(T'1) If s is a finite set of words on x and if each S € s is a consequence of r (that is,

[S] belongs to the normal closure of {[R] : R € r}), then replace P by

(x;r,s).



(12)

If t is a finite set of symbols disjoint from x, and U; (¢ € t) is a word on x, then
replace P by
(x,t;r,t7'U (t€t)).

The proof of the following theorem can be found in [47].

Theorem 1.2.2 (Tietze Theorem) Two presentation Py and Po define the same

group if and only if one can be transformed into the other by a finite number of opera-

tions (T1), (T1)~1, (T2), (T2)!.

1.2.2 Pictures over group presentations

The material in this section may also be found in [11] and [49].

Let P = (x; r) be a group presentation. A picture P over P is a geometric

configuration consisting of the following:

(1)
(2)

(3)

A disc D? with basepoint O on the boundary 0D? of D?.

Disjoint discs Ay, Ay, -+, A, in the interior of D?. Each A; has a basepoint O;
on the boundary 0A; of A;.

A finite number of disjoint arcs aq, as, - -+, a,, where each arc lies in the closure
n

of D* — U A; and is either a simple closed curve having trivial intersection with
i=1

OD?*UOAUAU---UOA,, or is a simple non-closed curve which joins two points

of 0D? UOA, UA, U---UIA,, neither point being a base point. Each arc has a

normal orientation, indicated by a short arrow meeting with the arc transversely

and is labelled by an element of x Ux~! which is called the label of the arc.

If we travel around 0A; once in the clockwise direction starting from O; and
read off the labels on arcs encountered (if we cross an arc, labelled x say, in the
direction of its normal orientation, then we read x, whereas if we cross the arc
in the direction of its opposite orientation, then we read z~1), then we obtain a
word which belongs to r Ur~!. We call this word the label of A;. If s is a subset

1

of r, then a disc labelled by an element of s Us™" is called an s-disc.



When we refer the discs of P we mean the discs Ay, Ag, -+, A, not the ambient
disc D?. A closed arc which encircles no disc or arc of IP is called a floating circle.

We define P to be dD?. The label on P (denoted by W (P)) is the word read off by
travelling around 0P once in the clockwise direction starting from O.

We say that P is spherical if no arcs meet JP. If P is spherical we ofter; omit OP.

A transverse path v in a picture P is a path in the closure of D? — U A; which
intersects the arcs of PP only finitely many times. Reading off the labelsizln the arcs
encountered while travelling along a transverse path from its initial point to its terminal
point gives a word on x denoted W (7). Let v be a simple closed transverse path in P.
The part of IP enclosed by v is called a subpicture of P. If v intersects no arcs, then the
part of P enclosed by ~ is called a spherical subpicture of P.

A spray for P is a sequence v = (71, Y2, - -+, Vn) of simple transverse paths satisfying
the following: for i =1, 2, ---, n, v; starts at O and ends at the basepoint of A;, for
1 <i<j<n,v and v; intersect only at O; travelling around O clockwise in P we

encounter these transverse paths in order v, ¥o, -+, Vn.

Example 1.2.3 Let P = (a, b; a?, b3, [a,b]). Then
P

5 -0
(20

%’a

AY
—
v al
|

A
\
\

@)

1s a picture over P. In this picture we have nine discs A1, Ag, -+, Ag with each A,
(1 <1 <9) having a basepoint O; on the boundary 0A;. The label, for example,
of the disc Ay is a*, As is b3 and Ag is [a,b]7'. Also, the closed arc labelled by a



s a floating circle but the closed arc labelled by b is not. We get the label on P is
W (P) = bbbb~ b tabta™t.

We also have an example of spherical picture Py over P as follows.

Py
b
,Qi%&@\

,/ &
\
\

Let us fix some simple closed transverse paths vy, 72 and non-closed transverse path

3 into the picture Py depicted as follows.
Py

The part enclosed by v, is a spherical subpicture and the part enclosed by o s a non-
spherical subpicture of Py. We have W () = b*a"'ba and W (~3) = a*b~".
[Py



Here v = (71, V2, ¥3, Va4, V5) 45 a spray for Py with W(y) = 1 = W(y), W(y) =
aba™, W(vy,) = ab*a™! and W(vys) = a. O

Throughout this thesis, each of the broken lines in a picture represents
a transverse path, and they are not a part of this picture.
A cancelling pair in P is a spherical subpicture with exactly two discs whose base-

points lie in the same region. This means, for example, that

AR
Qw\\? O QTWO

O

is not.

We now introduce some elementary operations on spherical pictures as follows.
(A) Deletion of a floating circle.
(A)~! Insertion of a floating circle.
(B) Deletion of a cancelling pair.
(B)~! Insertion of a cancelling pair.

(C) Bridge move:



AV e ’ /1\//
(&

Two spherical pictures are equivalent if one can be obtained from the other by a
finite number of operations (A), (A)~!, (B), (B)™!, (O).

Let P, Py be spherical pictures over P. Then the mirror image of P, will be denoted
by —P;, and P; + Py is the picture obtained by putting P, next to P;. This can be

llustrated as follows.

Pl ]P)2
LEER 5 i 05
We write P; — Py for P; + (—P3). For any picture P over P, P — P is equivalent to the
empty picture, and P; + Py = Py + P;.
Let P be any spherical picture over P. We denote by < P > the equivalence class

containing P. The set of all equivalence classes of spherical pictures over P forms an

abelian group under the following well-defined binary operation.
<P >4+ <Py>=<P +Py >.

Let W be a word on x, and let P be a spherical picture over P. We then form a
new spherical picture over P denoted PV which is obtained from W by surrounding PP
with a collection of concentric arcs with total label W. Then this can be illustrated as

follows (with W = z125'2).



]P)W

-~

\
=

AL

There is a well-defined G(P)-action on equivalence classes of spherical pictures given
by
W. <P>=<P" > (Wecq).

We then obtain a ZG(P)-module mo(P) called the second homotopy module of P.
There is an embedding u of me(P) into the free module @ZG(P)@R defined as

Rer
follows (see also [11], [13], [49]).
Let < P >€ my(P) and suppose that P has discs Ay, Ay, -+, A, with the label
R, RS, -+, R;» respectively (R; €r, 6 =+1,i=1,2,---,n). Let v = (71, -+, V)

be a spray, as defined previously. Recall that W (~;) is the label on 7; which represents

an element of G. Then
<P >)=> aW(ien.
i=1
We often write p(PP) instead of u(< P >).

Example 1.2.3 (continued) For the spherical picture Py, we get

pw(Ps) = (=1 +a)eys — (14 aba=! + ab?a=1)ejqp).

For each spherical picture P over P and for each R € r, let Ap r be the coefficients

of eg in p(P). Let Io(P) be the 2-sided ideal in ZG generated by the set

{Ap.r : P is a spherical picture, R € r}.



This ideal is called the second Fox ideal of P. The concept of Fox ideals has been
discussed in [43], [44]. In fact we need this concept for Theorem 1.2.17 below which is
a test of minimality of group presentations.

Let us consider a collection X of spherical pictures over P. We introduce two further

operations on spherical pictures.
(D) Delete a spherical subpicture which is a copy of some elements of X U —X.
(D)~! The opposite of (D).

Two spherical pictures will be said to be equivalent (relative to X) if one can be
transformed to the other by a finite number of operations (A)*!, (B)*!, (C) and (D)*!.

Then, by [49] (see Theorem 2.6*, Corollary 1), we have

Theorem 1.2.4 The elements < P > (P € X) generate mo(P) if and only if every

spherical picture is equivalent to the empty picture (relative to X).

We say that X generates my(P) (or X is a set of generating pictures) if the elements
<P > (P € X) generate m(P).
It can be shown that if X is a set of generating pictures, then I5(P) is generated
(as a 2-sided ideal) by
{dpr:PeX Rer}.

Example 1.2.5 Let G = Z3 ® Z be defined by P = {(a, b; a3, [a,b]). Then, by [5],

mo(P) is generated by

10



Then, w(P1) = (1—@)eqs and p(Py) = (b—1)eqs + (14+bab~ 1 +ba2b-V)e(y. Thus, Ir(P)

is generated by {b—1, 1+bab=1+ba2b=1, 1 —a}. Note that bab~! = @ and ba2b—1 = @>.

1.2.3 Aspherical and Cockcroft presentations

Definition 1.2.6 Let P be as in (1.2). Then P is said to be aspherical if mo(P) = 0.

A group G is said to be aspherical if it is defined by an aspherical presentation.

We remark that all free groups and torsion free one-relator groups [45] are aspherical.
Some other examples of aspherical presentations can be found, for instance in [12], [16],

[49].

Definition 1.2.7 Let P be as in (1.2). Then P is said to be combinatorial as-
pherical (CA) if m(P) is generated by a set of pictures containing exactly two discs.
A group G is said to be combinatorial aspherical (C'A) if it can be defined by a C'A

presentation.

Example 1.2.8 Let P = (a; a") be a presentation of cyclic group of order n. It is

known that w5 (P) is generated by the following single picture.

Therefore P is CA.

One-relator groups with torsion are C'A (but not aspherical) (see [45]). Some other
examples of combinatorial aspherical presentations can also be found, for example, in
[12], [16], [30], [31], [49].

For any picture IP over P and for any R € r, the ezponent sum of R in P, denoted by
expr(P) is the number of discs of IP labelled by R, minus the number of discs labelled by
R™'. We remark that if pictures P; and P, are equivalent, then expr(P;) = expr(Ps)

for all R €r.

11



Definition 1.2.9 Let P be as in (1.2), and let n be a non-negative integer. Then P is
said to be n-Cockceroft if expr(P) = 0 (mod n), (where congruence (mod 0) is taken
to be equality) for all R € v and for all spherical pictures P over P. A group G is said

to be n-Cockcroft if it admits an n-Cockcroft presentation.

Remark 1.2.10 To verify that the n-Cockcroft property holds, it is enough to check

for pictures P € X, where X is a set of generating pictures.

The 0-Cockeroft property is usually just called Cockeroft.
In practice, we usually take n to be 0 or a prime p.
The Cockeroft property has received considerable attention in [22], [25], [26], [27]

and [41]. The p-Cockcroft property has been discussed for example in [41].

Example 1.2.11 Let P = (z, y, z; [x,y], [z, 2], [y,2]). Then one may refer to [5] to

show that mo(P) is generated by

Now since expjy ) (P) = exply .1 (P) = expp,,)(P) = 1 — 1 =0 then P is Cockcroft.

Example 1.2.12 Let P = {(x, y; ;23 y>, [x,y]). Then, by [5], mo(P) is generated by

12



Then expys(Py) = expys(P2) = exp,s(Ps) = expys(Py) = 1 -1 =0, exply,(P3) = 3 and
exPlzy)(Ps) = —=3. Thus P is 3-Cockcroft.

Note that

Aspherical = CA = Cockeroft = n-Cockeroft (n € Z").

1.2.4 Efficiency of group presentations

Let P be as in (1.2). Then we define the Euler characteristic of P as follows.
X(P) =1 x|+l

Let
0(G) =1 = rkz(H\(G)) + d(H2(G)), (1.3)

where rk( ) denotes the Z-rank of the torsion-free part and d( ) means the minimal
number of generators. Then it is known (see [5], [10], [23]) that for the presentation

P, it is always true that
X(P) = 6(G).

Then we define

X(G) = min{x(P) : P a finite presentation for G}.

13



We should remark that some authors consider just
—|x[ + Ir],

and call this the deficiency of the presentation P, denote by def(P). The deficiency
of a group G, denote by def(G), is then taken to be the minimum deficiencies of all

finite presentations of G. Clearly

L4 def(P) = x(P),

1+ def(G) = x(G).
Definition 1.2.13 Let G be a group.

i) A presentation Py for G is called minimal if

x(Po) < x(P),
for all presentations P of G.

i1) A presentation P is called efficient if

iii) G is called efficient if

Lemma 1.2.14 (i) If x(G) < 0 then G must be infinite.
(17) If G is finite cyclic then x(G) = 1.

Proof.
(7) It can be found, for example in [46] or [47], that for a presentation of the group
G, if the number of generators is greater than the number of relators then G is infinite.
(17) Let G be a cyclic group of order n with the presentation P = (x ; ™). By
definition, x(G) < x(P), that is x(G) < 1. But, by (i), x(G) cannot be less than 1,
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otherwise G would be infinite cyclic, a contradiction. Hence x(G) must be equal to 1,

as required. [J

Examples of efficient groups are finitely generated abelian groups (Epstein [23]),
fundamental groups of closed 3-manifolds [23]; also finite groups with balanced presen-
tations (such finite groups have trivial Schur multiplier [28]). Finite metacyclic groups
are efficient. This was shown by Beyl [8] and Wamsley [59]. Infinite metacyclic groups
however need not be efficient, a result due to Baik and Pride [5] (see also [3]). In [2§]
Harlander proved that a finitely presented group embeds into an efficient group. For
more references on the subject of efficiency see Baik, Pride [4], Beyl, Rosenberger [9],
Champbell, Robertson, Williams [14] (and [15]), Harlander [29], Johnson, Robertson
[37], Kenne [39], Robertson, Thomas, Wotherspoon [53].

The following result which is essentially due to Epstein [23] can be found in [41,
Theorem 2.1].

Theorem 1.2.15 Let P be as in (1.2). Then P is efficient if and only if it is p-

Cockcroft for some prime p.
As a consequence of the above theorem, we have

Corollary 1.2.16 Let P be as in (1.2). If P is Cockcroft then P is efficient.

Not all finitely presented groups are efficient.

B.H.Neumann [48] asked whether a finite group G' with §(G) = 1 must be efficient.
Swan [57] gave examples (of finite metabelian groups) showing this is not the case.
These were the first examples of inefficient groups. In [61], Wiegold produced a differ-
ent construction to the same end, and then Neumann added a slight modification to
reduce the number of generators. In [42], Kovacs generalized both the above construc-
tions, and he showed how to construct more inefficient finite groups (including some
perfect groups) whose Schur multiplicator is trivial. In [53], Robertson, Thomas and
Wotherspoon examined a class of groups, orginally introduced by Coxeter. By using a
symmetric presentation, they showed that groups in this class are inefficient. They also

proved that every finite simple group can be embedded into a finite inefficient group.
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Lustig [44] gave the first example of a torsion-free inefficient group. Other examples
were found by Baik (see [3]), using generalized graph products. In [4], Baik and Pride
gave sufficient conditions for a Coxeter group to be efficient. They also found a family

of inefficient Coxeter group G, x (n > 4, k an odd integer). For a fixed £,
X(Gn,k) — 5<Gn,k) L Q.

We remark that there is no algorithm to decide for any finitely presented group
whether or not the group is efficient (see [1]).
The next result, due to Lustig [44] (see also [41]) gives a method of showing that a

presentation is minimal.

Theorem 1.2.17 ([44]) Let G be a group with the presentation P as in (1.2). If there
is a ring homomorphism ¢ from ZG into the matriz ring of all k X k-matrices (k > 1)
over some commutative ring A with 1, such that ¢(1) = 1, and if ¢ maps the second

Fog ideal I,(P) to 0, then P is minimal.
Example 1.2.18 ([3]) Let G be a group defined by the presentation
P = <a, b:a’, aba_3b_l>.

mo(P) is generated by

It 1s clear that P is not p-Cockcroft for any prime p, and hence not efficient by Theorem

1.2.15. We will show that P is minimal and so there could not be an efficient presen-
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tation which defines the group G. Thus we can conclude that G is not p-Cockcroft for
any prime p.

From the above pictures, I,(P) is generated by
l1—a, 1+a+a+a®+a4, 3b—1.
Let < x > be an infinite cyclic group and consider the ring homomorphism
G — 7L <z >
arising from the group homomorphism defined by
ar—1,br— x.

If we consider

Z<$>%Z5

by sending all integer coefficients to their congruence modulo 5 and sending x to the

congruence class of 2, then the mapping
171G — L < x >— L

sends the generators of I5(P) to 0 and 1 to 1. Hence, by Theorem 1.2.17, P is minimal.
Q

1.3 Monoid presentations

A monoid presentation

P=ly;s (1.4)

is a pair, where y is a set (the generating symbols) and each S € s (a relation) is an
ordered pair (S, 5_), where S, and S_ are distinct, positive words on x. We remark
that one of S, S_ may be the empty positive word. We usually write S : S, = S5_.
Once again, we say that P is finite if y and s are both finite.

Throughout this thesis, all monoid presentations will be assumed to be

finite unless stated otherwise.
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In order to define a monoid associated with P we introduce the following elementary

operation on positive words on y. Let W be a positive word on y.
(o) : If W contains a subword S, where ¢ = +1, S, = S_ € s, then replace it by S_.

Two positive words Wy, Wy on y are equivalent (relative to P ), denoted Wy ~p Wy, if
there is a finite chain of elementary operations of type (e) leading from W; to W5. This
is an equivalence relation on the set of all positive words on y. Let [W]p denote the
equivalence class containing W. A multiplication can be defined on equivalence classes
by [Wi]p.[Wa]p = [WiWa]p. It is easy to check that this multiplication is well-defined.
The set of all equivalence classes together with this multiplication form a monoid, the

monoid defined by P, denoted M (P). The identity in M (P) is [1]p.

For a positive word W on y, we will denote the element [W]p by W.

1.3.1 Fox derivations

Let F (y) be the free monoid on y. For a fixed y € y, we define a function

0

a—y:F(Y)%ZF(y)

as follows. Let W € F(y) and write
W = Woywly cee Wr_lyWr, (15)

where r > 1, Wy, Wy, - -+, W, are positive words on y — {y}. Then
8 '
oW _ E WoyWiy - - Wi_,.
y oyWv1y 1

i=1

0
We then extend En to a function

Y
9 ZF(y) — ZF(y)
y y y
given by
0 . ow;
= rVVy) = 7 5
8y(mW1 +naWo + -+ 4+ n,W,) ;:1 n o
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where r > 0, ny,---,n. € Z, Wy,---, W, € F(y)
Let M be a monoid with the presentation P, as in (1.4). We have the natural ring

homomorphism

ZE(y) — ZM

induced by the monoid homomorphism

A

Fly)— M, Wr—W.

M P

We write — or — for the composition
Ay y

1é)

Zﬁ’(y) KZN ZF(y) — ZM.

Thus, for W € F(y) as in (1.5),

aMﬂf r
_:E WoyWiy - - Wi_.
y - oyv1y 1
Let

aug : LM — Z, m+—1

be the augmentation map. Then we have

Lemma 1.3.1 For a fixed y € vy,

oMW
aug(a—y) = Ly,(W).
Proof.
oMW -
aug(a—y) = aug(z WoyWiy -+~ Wi_1)
i=1
= r
= L, (W) since the number of all occurences
of y in W is the length of y in W.
O
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1.3.2 Pictures over monoid presentations

The material used in this section may also be found in [50], [51].
Let P be a monoid presentation, as in (1.4), and let F (y) be the free monoid on y.

If we have an element
W=US.V (UVeF(y),Ses, c==l)
of F(y), then we can replace S. by S_. to get a word
W'=US_.V.

This can be represented by a geometric object called an atomic (monoid) picture

A= (USeV)
as depicted in Figure 1.1.
U Se V
A — —
S_e
Figure 1.1:

We remark that the disc labelled by S in an atomic picture A is said to be positive
if ¢ = 1, and said to be negative if ¢ = —1.

We have a graph I' (= I'(P)) associated with P, called the Squier graph, which
is defined as follows. The vertex set is F(y), and the edge set is the collection of all
atomic monoid pictures. For an orientation of I' we will take all edges (U, S,+1,V).
For an atomic picture A, as in Figure 1.1, the word we read off by travelling along the

top of the atomic picture from left to right gives the initial function, denoted by

(A)=US.V,
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and the word we read off by travelling along the bottom gives the terminal function,
denoted by
T(A)=US_.V.

Also, the mirror image of A is denoted by
A= (U, S, —¢,V).
A path
P=AAy---A, (1.6)

(where each A, is an atomic picture for i = 1,2,---,n) in I" will also be called a monoid
picture over P. If «(Ay) = 7(A,) then P is called a spherical monoid picture over P,

otherwise P is called a non-spherical monoid picture over P. For example,

Ay

/
| 4o Y
[ 2

Sea

is a non-spherical monoid picture, since ¢(A1) # 7(Az). (For an example of spherical
monoid picture see Figure 1.2).

Note that we also have the term subpicture (that is, subpath) of monoid pictures.
For example, the non-spherical picture depicted in the above figure is a subpicture of
the spherical monoid picture as shown in Figure 1.2.

There is a left action of F(y) on I defined as follows. Let C' € F(y).

i) Let W be a vertex of . Then we define C.W to be CW (product in F(y)).

i1) Let A, as in Figure 1.1, be an edge of I". Then C.A = (CU, S,&,V) and this can

be illustrated by
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We can define a similar right action of F(y) on I'. The left and right actions of
F(y) on T extends to actions on pictures. That is, if P is a picture as in (1.6), and if

W,V € F(y) then
WPV = (WALV) WAV - (W.A,V).
Example 1.3.2 Let P = [a, b, ¢ ; ab = ba, bc = cb, ca = ac], and let

Ay =(1,ab=ba,+1,¢c), Ay = (bac=ca,—1,1),
As = (1,bc =cb,+1,a), Ay=(c,ba=ab,—1,1),
As = (1,ca = ac,+1,b), A= (a,cb=be,—1,1).
Then 7(A;) = t(Aiyq) fori=1,2,---.6, and (A1) = 7(Ag) = abc. So P = A1Ay---Ag

is a spherical monoid picture (see Figure 1.2.(7)). Now by a left action by a and a right

action by c, we obtain another spherical monoid picture. This can be illustrated as in

Figure 1.2.(i7). ¢

We now introduce some operations on spherical monoid pictures. Let A, B be

atomic pictures.
(A) Delete an inverse pair AA™!.
(A)~! The opposite of (A).

(B) Replace a subpicture (A.¢(B))(7(A).B) by (¢(A).B)(A.7(B)) or vice versa (see
Figure 1.3).

Two spherical monoid pictures are said to be equivalent if one can be obtained from

the other by a finite number of operations (A4)*!, (B).
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P a.P.c

Figure 1.2:

The graph I' with the above equivalence relation on paths, is called the Squier
complex of P denoted by D(P) (see, for example, [51]). (More formally, D(P) consist

of the graph I', together with defining paths which are all the closed paths
[A, B] = (A.«(B))(r(A) . B)(A™".7(B))(«(A) . BT,

(A, B are atomic pictures), as shown in Figure 1.3.)
Let Y be a set of spherical monoid pictures. We introduce two further operations

on spherical monoid pictures as follows.

(C) Delete subpictures of the form W.P=' .V (P €Y, W,V € F(y)).
(C)~! The opposite of (C).

Two spherical monoid pictures will be said to be equivalent (relative to Y) if one can

be transformed to other by a finite number of operations (A)*!, (B), (C)**.
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Figure 1.3:

By [51, Theorem 5.1], we say that Y is a trivialiser of D(P) if every spherical
picture is equivalent to an empty picture (relative to Y). Some examples and the
details of the trivialiser can be found in [20], [51], [52], [56], [60]. In Section 4.3.4, as
an example of this, we will give a trivialiser set of the Squier complex of a presentation
of the semi-direct product of any two monoids, as found by Wang (see [60]).

Let M be a monoid with the presentation P, as in (1.4). Let

PY = ZMes and PV =P foZM
Ses Ses
be the free left and right ZM-modules with bases
{es: S €s} and {fs:S € s},

respectively. For an atomic picture A = (U, S,e,V) (U, V € F(y), S € s, e = +1), as

in Figure 1.1, we define
evalV(A) = eUeg € PO and eval™(A) = efsV € PD,
where U, V € M(P) = M. For any spherical monoid picture P, as in (1.6), we define

evalD(P) = Zeval(l)(Ai) e PO,
i=1

eval M (P) = Zeval(’”) (A;) € P1,
i=1

We let \p s be the coefficient of eg in eval®(P), so we can write

eval(P) =) " Apges € PU.

Ses
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Similarly, we let np,s be the coefficient in eval™ (P), so

eval™ (P) = Z fsT][p’s € P,

Ses

Example 1.3.2 (continued) Let
R:ab=ba, S:bc=cb, T:ca=ac.

Then we have

GUCLl(l)(Al) = eg, eya,l(l) (A2) = _l_)eT; eval(l) (Ag) = eg,

evalV(A,) = —cer, evalV(As) = er, evalV (Ag) = —aes.

Thus
eval D (P) = \p reg + e ses + Aerer,
where
)‘P,R: 1_67 >\IP,S = 1—6, )\[p,T: 1—5.
O

Definition 1.3.3 Let [2(”(73), IQ(T) (P) be the 2-sided ideals of ZM generated by the sets

{Ap.s : P is a spherical monoid picture, S € s},

{np.s : P is a spherical monoid picture, S € s},
respectively. Then these ideals are called the second Fox ideals of P.

Remark 1.3.4 IfY is a trivializer of D(P) then [2(”(73) and IQ(T) (P) are generated (as
2-sided ideals) by the sets

{ds:PeY,Ses} and {mps:PeY,S €s},
respectively.

Example 1.3.5 Let P = [a, b, ¢ ; aba = ba?, ac = ca®, bc = cb]. Then, by [60], a triv-
ialiser Y of D(P) can be taken to contains a single monoid picture P depicted in Figure

1.4. Let

25



Figure 1.4:
R :aba =ba*, S:ac=ca®, T :bc=cb.

Then

evalV(P) = \p.rer + Ap.ses + Aprer,

where

)\p’Rzl—C(l—f—a—i—aQ), /\]P’,S:E_L )\RT:l—a.

Thus, by the above remark, the second Fox ideal IQ(Z) (P) is generated by the set

{1—c(l+a+a?),b—1,1—a}. O

Note that we need the second Fox ideal concept for Theorem 1.3.14 (see below).
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1.3.3 Aspherical and Cockcroft monoid presentations

Definition 1.3.6 Let P be as in (1.4). Then P is said to be aspherical if there are

no non-trivial spherical monoid pictures over P.

Note that all free monoids are aspherical. In [34, Section 5] Ivanov proved that if M
is a one-relator monoid, with relator S, say and if ¢(Sy) # 7(S-) (or 7(S4) # ¢(S-))
then M is aspherical. Some other examples of asphericity can be found, for instance

in [51, Section 7], [40], [34] and [17].

Definition 1.3.7 Let P be as in (1.4). Then P is said to be combinatorial aspher-
ical (CA) if P has a trivialiser set Y such that every element of Y contains exactly
two discs. Also, a monoid M is said to be combinatorial aspherical if it can be defined

by a (CA) presentation.

In Chapter 4 we will use that all finite cyclic monoids are (C'A) (see Lemma 4.2.13).
See [51, Section 7] for further discussion on the combinatorial asphericity.
For any picture P over P and for any S € s, the exponent sum of S in P is the

number of positive discs labelled by S, minus the number of negative discs labelled by

S.

Definition 1.3.8 Let P be as in (1.4), and let n be a non-negative integer. Then P is
said to be n-Cockcroft if exps(P) = 0 (mod n), (where congruence (mod 0) is taken
to be equality) for all S € s and for all spherical pictures P over P. A monoid M is

said to be n-Cockcroft if it admits an n-Cockcroft presentation.

Remark 1.3.9 To verify that the n-Cockcroft property holds, it is enough to check for

pictures P € Y, where Y is a trivialiser of D(P).

The 0-Cockeroft property is usually just called Cockeroft.

In practice, we usually take n to be 0 or a prime p.

Example 1.3.2 (continued) By [60], trivialiser of D(P) contains the single picture
P depicted in 1.2.(7). Since expg(P) = expg(P) = expp(P) =1 -1 =0, then P is
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Cockcroft. ¢

Example 1.3.5 (continued) Since expr(P) = 1 —3 = =2, expg(P) = 2 -2 = 0,
expr(P) =1—1=0 then P is 2-Cockcroft. O

Note that

Aspherical = CA = Cockeroft = n-Cockcroft (n € ZT).

1.3.4 Efficiency of monoid presentations

Let M be a monoid with the presentation P, as in (1.4). As with group presentations

we define the Fuler characteristic of P by
X(P)=1—ly[+Isl.

Let
S(M) =1—rkz(H\(M))+ d(Hy(M)),

where rkz( ) denotes the Z-rank of the torsion-free part and d( ) means the minimal

number of generators. Then we have
Theorem 1.3.10 (Pride-unpublished)
X(P) = o(M).
Then we define
X(M) = min{x(P) : P a finite presentation for M }.
We should remark that some authors consider, just as with the group presentations,
—[yl +lsl,

and call this the deficiency of the presentation P, denote by def(P). The deficiency of
a monoid M, denote by def(M), is then taken to be the minimum deficiencies of all
finite presentations of M. Clearly

1+def(P) = x(P),

1+ def(M) = y(M).
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Definition 1.3.11 Let M be a monoid.

i) A presentation Py for M is called minimal if

x(Po) < x(P),

for all presentations P of M.

i1) A finite presentation P is called efficient if

iii) M s called efficient if

Theorem 1.3.12 (Pride-unpublished) Let P be as in (1.4). Then P is efficient if

and only if it is p-Cockcroft for some prime p.
As a consequence of the above theorem, we have
Corollary 1.3.13 Let P be as in (1.4). If P is Cockcroft then P is efficient.

Let ¥ be a ring homomorphism from ZM into the ring of all k£ x k martices over a

comutative ring A with 1, for some k£ > 1, and suppose ¥ (1) = Ijxk.

Theorem 1.3.14 (Pride-unpublished) Let Y be a trivializer of D(P). If
either (a) Y(Aps) =0 for allP €Y, S €s,
or (b) Y(nps) =0 for allP €Y, S €s,

then P is minimal.
The above theorem can be restated as follows.

Theorem 1.3.15 If there is a ring homomorphism ¢ as above such that either Iél) (P)

or I2(T) (P) is contained in the kernel of 1, then P is minimal.

One of our main results (see Theorem 5.3.1) concern minimal but inefficient monoid
presentations.
Some other examples of efficient and inefficient monoid presentation can be found,

for example, in [2].
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Chapter 2

The p-Cockcroft property of central

extensions of groups

2.1 Introduction

A presentation for an arbitrary group extension is well-known, see for instance [6].
Also a generalization of the work in [19] on central extensions is presented in [6]. As an
application of this we discuss necessary and sufficient conditions for the presentation
of the central extension to be p-Cockcroft, where p is a prime or 0. Finally, we present

some examples of this result.

2.2 Central extensions

Let @ be a group with the presentation Py = (a; r), and let K be a cyclic group of
order m generated by = (m = 0 if = has infinite order). Any central extension of K by

() will have a presentation of the form
P=(a, z; Re" (Rer), 2™, [a,2] (a € a)), (2.1)

where 0 < kr < m, (kg € Z if m = 0).
However, not every presentation of this form defines an extension of K by () because

the order of x may not be m in G = G(P). But, by [19] (see also [6, Corollary 7.2]), if
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we know a generating set, say Y, of ma(Pg) then we can give necessary and sufficient
conditions for x to have order m (Theorem 2.2.1 below).
Let Q (Q € Y) have discs Ay, Ay, --+, A; labelled RT', R3?, -+, R;* respectively

(R; €r,e; ==+1,1<i<t). Then let us choose a spray

Y1, V2, s e (22)

for Q, and suppose the label on 7; is W, which is a word on a (1 < ¢ < t). This can

be illustrated as in the following figure.

Let .
ﬁ(@) = Z EikRi‘
=1

Theorem 2.2.1 ([6], [19]) Let G be the group defined by the presentation (2.1). Then

the order of x is m in G if and only if

B(Q) =0 (modm) (QeY). (2.3)

For Q € Y as above and a € a, we let

t
aa(@) = Z &g eXpa<WAi>kRi'

i=1
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2.3 The p-Cockcroft property for the central exten-

sions

2.3.1 The general theorem

Theorem 2.3.1 Let p be a prime or 0, and let P be a presentation as in (2.1) such
that the condition (2.3) holds. Then P is p-Cockeroft if and only if

(¢) m =0 (mod p),

(7i) exp,(R) =0 (mod p), for alla € a, R € r,
(i13) Pq is p-Cockeroft,
(iv) aa(Q) =0 (mod p), foralla € a, Q€Y,

(v) B(Q) =0 (mod m.p), for allQe Y.

2.3.2 The generating pictures of m(P)

Let P be as in (2.1) such that the condition (2.3) holds. Now, by using [6], we can give
a set, of generating pictures over P as follows.
(I) The generating picture of the presentation Px = (x ; 2™) which is illustrated

by

Note that if m = 0 then the above picture simply becomes the empty picture.

(II) For each a € a, we have a spherical picture
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Note also that if m = 0 then again the above picture becomes the empty picture.

(IIT) For each R € r, we have a spherical picture as in (a) (or (b) if kg = 0) below.
]D)x,R

(IV') For each Q € Y, a picture Q defined as follows.
For the picture Q, we have the spray (2.2). Then, for each disc A; labelled R* (1 <
i < t), we replace the spray line (transverse path) 7; by a picture consisting of discs
labelled [a,2] (a € a) and with boundary label Wy, a%*" W 'a~%*r  This can be

illustrated as in Figure 2.1. This gives a picture Q* with the boundary label

W(@) = (mslle LCEQkR? .. 'xEtht)*l

= 277 by the definition of 5(Q).
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\-0-/ —:LkRZ iy
(81 = 1) (87; = —1>
Figure 2.1:
We then cap off Q* with a picture consisting of 5@ times x™-discs (where 5(Q)
m m

is taken to be 0 if m = 0), positively oriented if 3(Q) > 0, negatively oriented if
B(Q) < 0, to obtain a spherical picture Q. In doing this it may be necessary to join
up loose oppositely oriented z-arcs. This can be illustrated as in the following figure

(see also Example 2.3.2 below).
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Example 2.3.2 Let ) be the group defined by the presentation
P = <a, b a®, aba_lb_1>,
and let K be the cyclic group of order 3 generated by x. Consider the presentation
P = <a, b, x; a*x aba b a2 2P, [a, 2], [b, a:]>

By [3], m(Pg) is generated by the pictures Q, and Qo depicted in Figure 2.2. We

Figure 2.2:

have 3(Qq) = 0, (Q2) = 6. So (2.3) holds. Hence, by Theorem 2.2.1, the group G
defined by P is a central extension of K by Q. We get the pictures Qi, Q5 as in Figure
2.3. Then we obtain @1, (@2 as in Figure 2.4. ¢

The proof of the following theorem can be found in [6, Theorem 6.4].
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Figure 2.3:

Theorem 2.3.3 Let P be as in (2.1) such that the condition (2.3) holds. Then m(P)

1s generated by the pictures

K, K, (a €a), Doy (Rer) and Q (QeY).

2.3.3 The proof of Theorem 2.3.1

Let Cg, C, denote the relators Rz=*% (R € r), [a,z] (a € a) respectively.

First assume that m # 0.

Let us consider the picture K. It is clear that exp,n(K) =1—1 = 0. Also, let us
consider a picture K, (a € a). Clearly exp,n(K,) =1 —1 =0, and it is easy to see
that

expe, (K,) = exp,(z™) = m,

so we must have m = 0 (mod p). Hence the condition (i) must hold.

Consider a picture D, g (R € r). It is clear that
expo,(Dep) =1 —1=0.
Also it is easy to see that

expe, (Da,r) = exp,(R),
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Figure 2.4:

for all @ € a. Thus the condition (ii) must hold.

Now consider a picture Q (Q € Y). We must have expe,, (Q) = 0 (mod p). But

€XPcy (@) = eXPR(@) )

so we must have expr(Q) = 0 (mod p), that is, Py must be p-Cockcroft. This gives

the condition (7iz). Also, for a fixed a € a, it is easy to see that

~

expe, (Q) = a,(Q)-

So we must have «,(Q) = 0 (mod p), which gives the condition (iv). Finally, we have

that

expn(@) = 12

Then we must have 3(Q) = 0 (mod m.p). So the condition (v) must hold.

Suppose that m = 0.
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Then the five conditions (i)-(v) reduce to the three conditions
(17) exp,(R) =0 (mod p), foralla € a, R €,
(i1i) Pg is p-Cockeroft,
(1v) aa(Q) =0 (mod p), foralla ca, Q€Y,

since the conditions (i) and (v) automatically hold. Because the pictures K and K,
are trivial, so impose no restrictions, and there are no ™ discs, then the above proof

will carry over.

2.4 Some examples

Example 2.4.1 Let Q) be the (k, I, n)-triangle group with the presentation
Po = <a, b:a b, (ab)”>,

where k, I, n € Z" and

S+ 42«1,

k-l n
and let K be a cyclic group of order m generated by x (m is taken to be 0 if x has

infinite order). Consider the presentation
P = <a, b, x; a*z™", bla* (ab)"x ™, 2™, C,, Cb>, (2.4)
where 0 <1, s, t <m (orr, s, t €Z, if m=0) and, as in the proof of Theorem 2.3.1,
Co:=[a,z] and Cy:= b, x|

By the weight test (see [11], [24]), Pg is CA (and then Cockcroft). We can give a set
of generating pictures of mo(Pg), as in Figure 2.5. We have 3(Q;) =0, 5(Q2) =0 and
B(Q3) = 0. So (2.3) holds. Hence, by Theorem 2.2.1, the group G defined by P is a

central extension of K by Q).
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Figure 2.5:

We also have

exp, (a")

k7 epr(bl) = la

exp, ((ab)") =n,  expy((ab)") = n.

Moreover, by the definition, we get

aa(@l) =T, ab(@l) = 07

Oéa(@2) =0, Oéb((@z)

S?
aa(Qs) =1,  a(Qz) =t
Also, for any prime p, we always have

B(Q;) = 0 (mod m.p) (i=1,2,3).

Thus, we get the following result for the above example, as a consequence of The-
orems 2.3.1 and 1.2.15.

Corollary 2.4.2 Letp be a prime. Then the presentation P, as in (2.4), is p-Cockcroft
if and only if



Hence P is efficient if and only if
hef(m, k, I, n, r, s, t) # 1.

Example 2.4.3 Let Q be the group Zy ® Zy (k,l € ZT) with the presentation
Po = <a, b d* b, [a, b]>,

and let K be a finite cyclic group of order m generated by x. Let us consider the

presentation

P = <a, b, x; ax™", bla* [a, bzt 2™, C,, C’b>, (2.5)

where 0 < r,s,t < m and again, as in the proof of Theorem 2.3.1,
Co:=la,z] and C,:= b, x].

We can give a set of generating pictures of ma(Pg), as in Figure 2.6. We have 3(Qy) =

Figure 2.6:

Suppose that

It =0(mod m) and kt=0(modm).
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So (2.3) holds. Then, by Theorem 2.2.1, the group G defined by P is a central extension
of K by Q.
It 1s clear that
exp,(a®) =k,  exp,(b)) =1,

eXpa([a’bD =1-1=0 epr([a,b]) =1-1=0.
Also, by the definition, we get

ae(Q1) =7,  (Q) =0,
a.(Q2) =0,  (Qq) =s,
0u(Qs) =5, on(Qs) = —%l(l ~ 1,

0a(Qy) = %k(k S0t an(@s) =1

Therefore, we get the following result for the above example, as a consequence of

Theorems 2.3.1 and 1.2.15.

Corollary 2.4.4 Letp be a prime. Then the presentation P, as in (2.5), is p-Cockcroft

if and only if

m = 0 (mod p),
k=0 (modp), r=0{(modp), kt=0(modm.p), 3k(k—1)t=0 (modp),
[ =0(modp), s=0(modp), It=0(modm.p), —3l(l—1)t=0(modp).

Thus P is efficient if and only if

1 1 1,1
h kolors, ~k(k — 1)t, =1(1 — 1)t, —kt, —It) # 1.
Cf(m7 77T7S72 ( )72( )7m 7m )#

41



Chapter 3

The efficiency of standard wreath

products of groups

3.1 Some background

Let &, denote the set of all finite p-groups (p a prime) which have efficient presentations.
In 1970, Johnson [36] showed that &, is closed under direct products and after that,
for p odd, &, is closed under standard wreath products. Also in 1973, Wamsley [58]
showed that ¢, is closed under general wreath products.

Let & be the set of all finite groups which have efficient presentations. In this chapter
we will give sufficient conditions for the standard wreath product of any two groups

which belong to & to be efficient.
Definition 3.1.1 If there are given
a-) a group A,
b-) a group K,
c-) a homomorphisim 0 of A into the automorphisim group of K
0:A— Aut(K), ar— 0,

forall a € A,
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then the semi-direct product G = K x9 A of K by A is defined as follows.
The elements of G are all ordered pairs (a,k) (a € A, k € K) and multiplication is
given by
(a,k)(d', k') = (ad', (kO,)K').

Similiar definitions of a semi-direct product can be found in [7] or [54]. We remark
that semi-direct products of monoids will be discussed (in detail) in Chapter 4, Section
4.3.

The proof of the following Lemma can be found in [35, Proposition 10.1, Corollary
10.1].

Lemma 3.1.2 Suppose that Px = (y;s) and Pa = (x;r) are presentations for the

groups K and A respectively under the maps
y—ky (yey), zr—a, (z€x)
Then we have a presentation for G = K Xy A
P={y,x;s,r,t)

where t = {yx)\;xlx’wy €y, x € x}, and Ay, is a word on'y representing the element

(ky)bo, of K (a€ A ke K,z €x,y€Yy).
Now let us define the standard wreath product by using Definition 3.1.1.

Definition 3.1.3 Let A and B be finite groups with A = {ay,aq,---,a,}, say. Let x
be any element of A. Then,

1T, AT, "+, Qg

is a permutation of ai, ag, - -+, ay. So we can write a1T, AsT, - -+, AgT S Uy, (1), Aoy (2), " * » oy (g)
where o, is a permutation of 1,2,---,g.

Let K be the direct product of the number of |A| copies of B, that is,

K=B"=B'=BxBx---xB,

(g times)
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and let (bay,bay, - -+, ba,) be a typical element of K. We have a homomorphism
0:A— Aut(K), x— 0,

where
(ba17 ba27 T bag)ex = (bao—z(l)’ baaz@)’ T ’ba%(g))'

The split extension K xg A is called the standard wreath product of B by A, denoted
BlA.

We should note that some authors, for instance Karpilovsky in [38], use the nota-

tion A B instead of B A. Here we use the notation as in [54].

We also need the following well known results.
Proposition 3.1.4 (Schur 1904) Let B be a finite group. Then
(i) Hs(B) is a finite group, whose elements have order dividing the order of B.

(ii) Ho(B) =1 if B is cyclic.

Definition 3.1.5 1) Given an abelian group A, we denote by A# A the factor group
of A® A by the subgroup generated by the elements of the form a ® b+ b ® a,
(a,b e A).

2) In any group K, an element of order 2 is called an “involution”.

Theorem 3.1.6 (Blackburn 1972) Let m denote the number of involutions in the
group A. Then Ho(BUA) is the direct sum of Hy(B), Ha(A), (1/2)(|A| —m —1) copies
of H(B) ® Hy(B) and m copies of Hi(B) # Hy(B).

Lemma 3.1.7 Let B be a finite group, let
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and let s be the number of even n;, 1 <1i < t. Then,

Hl(B)#Hl(B) = @ Z(ni,nlj)@zg)a

1<i<ji<t

where ng) 18 a direct sum of s copies of Zs.

Proofs of Proposition 3.1.4, Theorem 3.1.6 and Lemma 3.1.7 can be found in [38].

Lemma 3.1.8 (Kunneth Formula) Let A and B be any two groups and let G =
A x B. Then,

Definition 3.1.9 Let A be a finite abelian group. Then we define,

firsttorsionnumber if AF#0

tHA) = :
0 if A=0

Lemma 3.1.10 Let A and B be finite abelian groups. If (t(A), t(B)) # 1 then
d(A® B) =d(A) + d(B).

Proof. Suppose that (t(A), t(B)) # 1.
First of all, if one of ¢(A) or ¢(B) is 0, say t(A) then by Definition 3.1.9, A = 0.
Then, basically we have that d(B) = d(B).

Now suppose both t(A) and ¢(B) are non-zero, and let
A=To ®Ln, & -+ @ Ly,
where m; | m;y1, 1 <7< k—1. Then t(A) = m;. Similarly, let
B=17, © %, @ &Ly,
where n; | nj11, 1 < j <1 —1and ¢(B) =n;. Then,

AOB=Tpp @ Ly @ ® Loy, © g, @ Ly © -+~ ® Ly,
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Now, let p be a prime with p | t(A) and p | ¢(B). Then
plmuy,p|ma,-,p|mep|n,p |, p |
So there are epimorphisms
Gi : Ly — Ly and ;2 Ly, — Ly,
where 1 <7 < kand 1 < j < ![. Then we get induced epimorphisms

QS: @ Qbi:Zml@ng@"'@ka—»ch)

1<i<k
and
Y= @ Vs Liny D Liny @ -+ D Ly, _»Zz(?l)‘
1<
Then

¢@¢;Zml@...@zmk@zm@...@zm_»ng)_

Now since Zék) is a vector space over Z, [54, Lemma 6.2], and since any two bases of
a vector space have the same cardinality [33, Theorem 4.2.7], that is, the dimension
of Z,(yk), then we have that Z,(gk) cannot be generated by less than & elements. In other
words, d(ZZ(?k)) = k. Thus, by the fact that the minimal number of generators of a group
is greater than or equal to the minimal number of generators of any homomorphic image

of that group, we have that
d(A) > k.

On the other hand, A can be generated by k elements which are
(170707"'70)7(071707'"70)7"'7(070707“'31)'

So, d(A) < k, then d(A) = k. Similarly, d(B) =l and d(A® B) =k+1. O

Remark 3.1.11 Clearly we can generalize this lemma for more than two abelian groups,

that is, if A; (1 < i< n) are abelian groups and (t(A1),t(Az), -, t(A,)) # 1 then

d(A1 @Ay ® -+ - ® A,) =d(A1) +d(Ag) + - - + d(A,).
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3.2 The main theorem

Throught this section A, B will be finite groups satisfying the following conditions.

(i) A, B have efficient presentations P4 = (x; r) and Pg = (y ; s) respectively on

g, n (g, n € N) generators where n = d(B),
(ii) d(B) = d(H:\(B)),

(iii) either the orders of A, H,(B) are even and also t(Hy(A)), t(Hy(B)) and t(H1(B))
are even or the order of A is odd and there exists an odd prime p dividing
t(Hs(A)),
t(Hy(B)) and t(Hy(B)), where t is defined as in Definition 3.1.9.

Theorem 3.2.1 (Main Theorem) Let G = BV A. Then G has an efficient presen-

tation.

The proof of the following remark can be found at the end of this section as a

lemma.

Remark 3.2.2 Suppose g = d(A). If (t(H1(A)), t(H1(B))) # 1 and d(H,(A)) = d(A)
then d(G) = g + n.

The proof of Theorem 3.2.1 will proceed by the following steps.

3.2.1 Calculation of §(B{ A) and d(H2(B! A))

In this part of the proof, we will calculate
0(G) =14 1kz(H1(GQ)) + d(H2(G)).
Now since G is a finite group then rkz(H;(G)) is trivial, so we will just calculate

5(G) = 1+ d(Hy(G)).
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Recall that we had a formula to calculate Ho(G) by Theorem 3.1.6, that is,

Hy(G) = Hy(BlA)
= Hy(B) & Hy(A) ® (H\(B) @ Hy(B))2(4=m~D & (Hy(B) # Hi(B))™,

(3.1)
where m denotes the number of involutions in the group A.
Let us write
Hl(B>:ZmEBZU2EB‘”@Zvn, Ui | Uit1, 1<z<n—1 (32)

By (ii), d(H,(B)) = d(B) = n.

At first, let us calculate the “®” part in (3.1).

HI(B) ® HI(B) = (Zm ® Zm) & (Zm ® ZU2) SRR S (Zm ® ZUn) D
(ZW ® ZUl) ® (sz ® Z’U2) AR D (sz ® Z’Un) ©
(Zvn ® Zm) D (Zvn ® sz) SRR D (Zvn ® Zvn) @
_ Zm fany Z(vl,vg) (4> TP fan) Z(vl on) fas)
Z(U%Ul) fan) sz P fas) Z(vz,vn) )
Z(Umvl) fan) Z(vn,vz) s T fan) Zvn_
Since vy | vy | -+ | v,, we have
(121,?12) = (Ul,va) = = (M;Un) = U1
(U27 /U3) - <U27 U4) = = (U27 Un) = (%]
(Un—la Un) = Un-1.

So the sum becomes

= Zz}l@Zvl@"'@Zvl@
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Zvl EBZUQEB"'EBZ'UQEB
Zvl @ZU2®ZU3@"'@ZU3@

Then t(H,(B) ® Hi(B)) = v1. Hence by Lemma 3.1.10,

A(HL(B) @ Hy(B)HA-m = (14|~ m — 1)d(B)" (3.3)

Case 1 : |A] is even

In this case we must calculate the “#” part in (3.1), as well.
Suppose that t(H;(B)) is even. Then it implies that each term in the decomposition

(3.2) of Hy(B) is even. Now let us use the formula which is given in Lemma 3.1.7. So,

HI(B)#HI(B) = Z(vl,vz) & Z('UL'U:S) SRR S Z(Uhvn) S

Zionsm1) D Lo _s00) D Liwy_100) D L™,

(Since every term is even in H;(B) then we take n to be the power of Zy in the above

formula.) And by using the fact vy | vy | -+ - | v,, the sum will become
= Loy @y B v+ -+ D Ty, ®
ng fan) ng 4> TP AP ZUQ D

ZU’an @ Zvn72 @ qun71 @ Z2(n)

And so t(H,(B)#H,(B)) = 2. Then by Lemma 3.1.10, we have that

(n—1)[(n—1) +1]
21

d(H(B)# H(B))" = m( +n)
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=m0
d(B)? + d(B)
= m(EE 02,

Therefore (again by Lemma 3.1.10, and using assumption (iii) )

A(HL(G)) = d(H(A) + d(Hx(B)) + (14| —m — 1) d(B)? + Sm (d(B) +d(B)),

and after some rearrangements, we get

A(HL(G)) = d(H(A)) + d(Hx(B)) + 5 d(BY(1A] 1+ 755
Therefore we have
0(G) = d(Ha( ) +d(L(B) + 1+ S d(BP(A =1+ J). (34

Case 2 : |A] is odd

By assumption (iii), there exists an odd prime p such that

p [ t(Ha(A)), p | t(Ha(B)), p | H(H1(B)).

In this case, since the order of A is odd, we cannot have any involutions in group A,
so the value m in the third and final terms of (3.1) becomes zero. Thus we will just
need to calculate the “®” part in (3.1). Now by using Lemma 3.1.10, we have
1
d(H\(B) @ Hy(B))z"1™) = 2(jA| = 1) d(B)*,
following the same calculation as in (3.3). Then by using assumption (iii) and Lemma

3.1.10, we get
A(HL(G)) = d(H(A)) + d(Hx(B)) + 5(1A] ~ 1) d(B)”
Therefore we have

5(G) = d(H(A) + d(Ho(B)) + 1+ L d(B)(|A] ~1). (3.5)
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3.2.2 To obtain an efficient presentation for G = B! A

To get an efficient presentation for G = B A, the following process can be followed:
e For each a € A take a copy <y(‘1) : s(“)> of Pg,
e Choose an ordering a; < as < --- < a,, of the elements of A where a; =1,

e Let {a, : © € x} be a generating set for A corresponding to the presentation

Pa=(x; r),

o Let {b, : y € y} be a generating set for B corresponding to the presentation
Py =y s).

Lemma 3.2.3 A presentation of G = Bl A is given by

,PO - <y(a) (CL < A)a X S(a) (a € A)7 r, y(a)z(a’) = Z(a’)y(a) <a7a/ € Av a < (I,, Y,z € Y)a

vy Wz =y (ae A yey zex)).

Proof. By Definition 3.1.3, K is the direct product of |A| copies of B so that a

presentation of K can be written
Pr = <y(“) (a€A); s (aeA), Y2 (a,d €A a<d, yze Y)> :

And also by the same Definition, B A is the split extension K x4 A, so as we said in

Lemma 3.1.2, a presentation of K xy A is given by
P = <y(a) (a€A),x;s9 (acA),r, [y, 29 (a,d €A, a<d, y zey), t>.

Here t = {y(“)xy(““’“)_lx_l |y € y,x € x}, where for any ¢ € A, y© represents the

element of B x B X --- x B which has 1 in all positions except position ¢ and the value

-~

|A| times
in position c is b, where b, € B. Then P’ is the same presentation as P.

Therefore Py actually is a presentation of Bl A, as required. [

We will identify G with the group defined by P,.
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Lemma 3.2.4 If W is a word on x, say W = x7'z5? - - - ai»

n ’

then

€1 €2

W—ly(a)W _ y(aaxlamnaiﬁb)
m G.

Proof. We will use induction on L(W).

i) Let L(W) = 1. Then for x; € x, y € y and a € A we have

xl_ly(aa;f)xl — y((aaxl )aa?ll)

in G. So

-1
py @yt = yles)

in GG. Hence, for e = +1 we have

in G.
i1) Assume that the result holds for L(IW) = n — 1. Now suppose that L(W) = n.
Then let W = 2{'x5? - - 25 (x; € X, &; = £1 for 1 <i < n). By induction hypothesis,

we know that

Erm_1\—1 € €1 82 . Cn—1
(xfill.§2 . :Bnn—ll) y(a)x?l,? . :Bnn—ll _ y(aazlam2 az 1)

in G. Now let us conjugate it by z5*. Then we get

15 €n—1
En—1,6n __ lag2 "

—€n . En—1 L. el (a) 1, .. —En ((laaj: Aro Qg ) En
Ty Y Tp_1@, =2, "y T ey

n n—1

and by the same process as in the first step, we have

€ € En— €y —
(aamllaz%--an 1 n—1,en

—En : znfl)wfln — y(aaill"'aznilazn)

Tn Y

Therefore we have

1 n—1 &en

W_ly(a’)W — y(a’a’il “.ain—lazn)

in GG, as required. [J
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e For each a € A, choose a word W, on x representing a. (That is, if W =

€1 .62 |, . En €1 H4E2 ... N 3 3 —
7' xs x5 then the product aflaj? ---a5" in A is equal to a.) When a = 1,

Tn

choose W, to be the empty word.

We now perform a sequence of Tietze transformations on Py.

STEP 1: Add the relators 4@ = W, yM W, (a € A,a # 1,y €y) to Py since
these are consequences of the relators of Py by Lemma 3.2.4. Then we obtain a new

presentation

P = <y(“) (acA),x;sY (aed),r, y@z) =29 (. d cAd a<d, yzey),

gy @ g = yloae) (ae A, xex, ye y),y(“) = W, lyMw, (aeAa#1,y¢€ y)>

STEP 2: Delete the relators s(® where a # 1 since these are consequence of the
relators s, x71y@Wy = y@) (g € A,z € x,y € y) and y@ = W, Ly W, (a €
A, a# 1,y €y). So after deletion we have just the relators s in the new presentation.
We can show it as follows.

We have the relators
y(a) =W, ! y(l) W, (a#1),

in P;. Now let S € s, so the letters in S™) belong to y™") and similarly let for
a#1, 5@ € 5@ 5o the letters in S belong to y®. And by a conclusion of Lemma
3.2.4, we get

S =W, ' SO W,.

Here, since sV is a relator in P; then S = 1 in G and then the above equation
implies that S(® =1 in G. Therefore we can delete s where a # 1 and then we have

the presentation

Py = <y(“) (a € A), x; s, y(“)z(“/) = z(“/)y(“) (a,d € A,a<d,y z€y),

Y@y = ylaoe) (ae A,z ex, yey), Y@ =W, Ly, (a€Aa#1,y¢€ y)>
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STEP 3: Delete the relations 2! y(® 2 = 3(®%) (¢ € A, z € x, y € y) from Ps.
We must show that these are the consequence of the other relators of P,. It can be
shown as follows.

Take W, 'y W, = 4@ and conjugate it by € x. Then we get,
W,y W W, = a7y @

But W,z represents aa, in A, so Wox = W,,, in A. (That is, W,z and W,,, are equal
modulo the relators r.)

Hence, modulo the relators r we can replace the above by
Waa - y(l) Waa - x_l y(a) z,

and we thus obtain

ya) = g1y @
Therefore we have the presentation
P = <y(“) (aeA),x; sV r y@0) =200 (¢ cda<d yzey),
Y =W,y W, (a€A a#l,yEy)).
STEP 4: Delete the generators y® where a # 1 and replace all 3@, 2(¢) by
W, tyM W, and Wyt 2 W, (a,a’ € Aand a,a’ #1y,z € y@)in

Y@ @) = @) yla)

After deletion and replacement we have just the generators y). Then we have the

presentation

P, = <y(1), x; s e, (WolyOw,, W t2OW,] (a,d € A, a<d,y, z€y) ).

STEP 5: Delete the relators of the form W 1yM W, W, 20O W, (a,d €
A1l < a < d,y,z € y) since these are consequence of the relators of the form

[y Wyt 2O Wy (o € A, d' #1, y,2 €y) and r. We can show it as follows.
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For any a,a’ € A where 1 < a < d/, take a relator
W,y W, W™t 2D W,
Then conjugate it by W,, we get
[y, w,w W, .

This is equal to some relator which is of the form

in presentation Py, since Wy W1 = Wy in A, where a” # 1. Thus we have the

presentation
Ps=(y", x; s r [y W, 2WW,] (€A atly, z€y)).

Note that, from now on, we will omit the superscripts (1) on relators in our pre-

sentation, so that P5 becomes
PE): <y7 X; s, T, [ya Wa_lea] (G,EA, CL?é 17 y7z€y)>

Now we will apply some reductions on the [y, W, ' 2W,] (a € A,a#1,y, z€y)

relators from P;. Note that the number of these relators is (|A| — 1)|y|*.

STEP 6 : The set A\{1} can be divided into singletons {a} (a € A, a an
involution) and pairs {a, a”'} (a not an involution). Let A% be a choice of one
element from each pair {a, a™'}. (Note that |[AT| = $(]A| — 1 —m).) Let Inv be the
set of the involutions in the group A. Now let us delete the commutator relators which
involve elements in the set A\({1} U AT U Inv}), since these are consequences of the
relators which involve elements in the set A™ U Inv. It can be done as follows.

Let a € A\({1} U AT U Inv}). Let us take a relator [y, W, ' 2W,] (y,z € y), and
let us conjugate it by W,. (Recall that W, is a word on x representing a.) Then we
get

Way Wt 2]
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The inverse of it is
which can be written as

Thus, since W, 1 = W,-1 in A, then we get
[Z ) (Wa—l)_l Yy Wa—l]a

where a1 € AT,

After deletion, we have the presentation
Ps = <y, x;s, 1, [y, WzW,] (a€ AYUInw, y,z € y)>

Now, we can still apply some reductions on the relators [y, W, 12W,] (a €

AT U Inv, y,z € y). Note that, the number of these relators is

1
S04 =1+ m)lyl*

Let us choose an ordering 11 < ys < - -+ < y,, of the elements of the generating set y.

STEP 7 : Delete the relators of the form [z, W, tyW,] (a € Inv, y,z €y, y <
z) since these are consequences of the relators of the form [y, W' 2 W, ] (a € Inv, y,z €
vy, y < z). It can be shown as follows.

Let a € Inv and y, 2z € y, where y < 2. Let us take a relator [y, W,z W,], and

let us conjugate it by W,. Then we get
[WCL y Wz;lu Z]'

The inverse of it is,

[z, WayWa’l].

But, since a € Inv then we have W, = W in A. So, we get

[Z 9 Wa_l y Wa]7
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as required.

Then we have the presentation

Pr o= (v,x58,01, [y, W, 2W,] (a€ A, y,z ey),

ly, W, 2 W,] (a € Inv, y,z €y, y<2)).

Now the number of relators [y, W, 2W,] (a € AT, y,z € y)is 3(|]A|—1—m)[y?| and

lyl(lyl=1)

the number of relators [y, W, 2 W,] (a € Inv, y,z €y, y < z)is mly]? — 253

m.

So, we have
m

L2
—|y|"(JA] = 1+
S~ 1+

)

commutator relators in P;.

Therefore the Euler characteristic of the presentation P; can be computed as follows.

m
ly|

1
= 1= (xl+lyD+1=1+x[+]s[+ 5 [y (Al -1+

)

1
X(Pr) = 1= (x| +IyD) + Ir[+[s| + 5 [y[* (|A] = 1+

m

L

= (1= x|+ e+ (L= ly] + s = L+ 5 Iy (14— 1+ )
= (P +x(Po) ~ 1+ 5 Iy (4] = 1+ 1)
= 0(A)+d(B) -1+ % yI* (JA| =1+ %)
( since P4 and Pp are efficient presentation )
= L d(H(A) + L+ d((B) = 1+ 51y (4] = 1+ T

m
ly|

Note that, if Inv = () then m = 0, so that the Euler characteristic of P; becomes

= d(H>(A)) +d(H(B)) + 1+ S|y (1A] ~ 1+ ).

1
X(P7) = d(Hs(A)) + d(Ha(B)) + 1+ 2 (A = D) |y/*
And then, by the assumption |y| = d(B) = n and by equations (3.4), (3.5), we have
X(Pr7) = 4(G).

Therefore P; is an efficient presentation for the group G = B A.
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Lemma 3.2.5 Suppose that g = d(A) = d(H,(A)). If (t(H1(A)), t(H1(B))) # 1 then
d(G) =g +n.

Proof. Now, let us take the presentation P; for the group G. Since P; has g +n

generators then we certainly have
d(G) < g+n.

So we just need to show that g + n < d(G). To do that, we will use the fact that
the minimal number of generators of a group is greater than or equal to the minimal
number of generators of a quotient of that group, in particular, d(G) > d(G®). So, we
will show that d(G%) = g + n.

Now let us choose an ordering x; < x5 < --- < x4 of the elements of the generating
set X.

The first homology group of G' can be given as follows.
G?® = (y.x;s,1, [y, W t2W,] (a€ AT, y,z€y),
ly, W,z W] (a€Inv, y,z €y, y<2), [y, 2] (yey,zex),
ly, 2] ey, y<z), |z, 2] (z, 2 €x,x<a)).
By applying deletion operations to this presentation of G, we have that
G® = (y,x;s, 1y, 2] (y,2€y,y<2), [z, 2] (x,2 €x, 2 <),
ly, 2] (y €y, x €x))
o~ Acb gy pob
= Hi(A) ® H(B).
And so, by Proposition 3.1.10 and by the assumption (t(H1(A)), t(H1(B))) # 1, we

have that
d(G™) = d(H1(A)) + d(Hy(B)).

Also, by the assumptions d(H;(A)) = d(A) = g and d(H,(B)) = d(B) = n, we get
that
d(G™) = g +n,
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as required. []

3.3 Examples and applications

Example 3.3.1 Let us take the metacyclic group
B = <a, b:a'® b? bab™! = a_1>

which has order 20. Then, by [38], Hy(B) = Zsy. So, we can see by a simple calculation,
the above presentation of B is efficient. After that, if we find the abelianization group
Hy(B) of B and then if we apply some Tietze transformations on the presentation of

H,(B), we get

H{(B) = <a,b;a2,b2,[a,b]>

> 7o X Do
So, d(H1(B)) = d(B). Then,
t(H1(B)) = 2 = t(Ha(B))-

Hence by Theorem 3.2.1, if A is a finite group such that |A] is even and 2 | t(H2(A)),
and if A has an efficient presentation then Bl A has an efficient presentation. Moreover,
if A has an efficient presentation on g = d(A) = d(Hy(A)) generators then B A has

an efficient presentation on d(B {1 A) = 2+ g generators. {
Example 3.3.2 Now, let
B = <a, b; a®, b, (ab)?, (@’1b)3> )
By [38], B has order 27. And again by [38],
Hy(B) = Zy x Zs.
Then,

5(B) =1+ d(Hy(B)) = 3.
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On the other hand, the Euler characteristic of the above presentation is 1 — 2+ 4 = 3.
Therefore B has an efficient presentation on 2 generators. Also, the first homology
group of B is

H\(B) = (a,b; a®,b°, (ab)?, (a™'b)*, [a,b]) .

But, by applying some deletion operations to this presentation of Hi(B), we have that
H(B) = (a,b;ad’, b’ [a,b])
= 73 X Zs.
So, d(H(B)) = d(B). Therefore
t(H1(B)) = 3 = t(Ha(B))-

Then, again by Theorem 3.2.1 and Lemma 3.2.5, if A is a finite group such that |A| is
odd and 3 | t(H2(A)), and if A has an efficient presentation then BV A has an efficient
presentation. Moreover, if A has an efficient presentation on g = d(A) = d(H(A))

generators then BU A has an efficient presentation on d(BUA) =2+ g generators. {
Lemma 3.3.3 If G is a finite p-group, then

¢(G) =GGP,
where ®(G) denotes the Frattini subgroup.

Proposition 3.3.4 (Burnside Basis Theorem) Let X be a subset of a finite p-
group G. Then X generates G if and only if the cosets { x®(G) : x € X } generate

G/®(G). Every minimal set of generators for G has the same number of elements.

Proofs of Lemma 3.3.3 and Proposition 3.3.4 can be found in [35].
Now we can prove the following Proposition, by using these two above well-known

results.

Proposition 3.3.5 Let B be an arbitrary finite p-group. Then

d(B) = d(H:(B)).
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Proof. Let d(B) = n, where n € Z*. Since Hy(B) = B/B’ then we just need to show
that d(B/B’) = n.

By Lemma 3.3.3, we have that
®(B)=B'B? D> B
So there is a well-defined epimorphism
B/B" — B/®(B),

and so, d(B/B’) > d(B/®(B)). Then by the Burnside Basis Theorem, d(B/®(B)) =
d(B). In other words, d(B/B’) > d(B). On the other hand, by the fact that the
minimal number of generators of a group is greater than or equal to the minimal
number of generators of a quotient of that group, then we have that d(B) > d(B/B’).

Therefore,

d(B) = d(B/B'),

as requried. [J

Corollary 3.3.6 Let A, B be finite p-groups. Suppose B has an efficient presentation
on d(B) generators and A has an efficient presentation. Then BU A has an efficient
presentation. Moreover, if A has an efficient presentation on d(A) generators, then

B U A has an efficient presentation on d(B U A) generators.

Proof. It is given that they have efficient presentations. And since they are finite
p-groups then by Proposition 3.3.5, d(B) = d(H,(B)), and their homology groups
are p-groups, as well. So p divides t(Hy(A)), t(H2(B)) and t(H;(B)). Therefore by
Theorem 3.2.1, B A has an efficient presentation, and then by Lemma 3.2.5, d(B1A) =
d(B) + d(A), as required. [

Corollary 3.3.7 Let B be a finite p-group (p odd) and suppose that B has an efficient
presentation on d(B) generators.

If |A] is odd and p | t(Hs(A)) then BUA has an efficient presentation.
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It can be proved as Corollary 3.3.6.

Theorem 3.3.8 Let A be a finite abelian p-group, and let B be a finite p-group which
has an efficient presentation on d(B) generators. Then G = B U A has an efficient

presentation on d(G) generators.

Again, the proof of this theorem can be obtained by using a similar method to that

employed in the proof of Theorem 3.2.1, in conjuction with Lemma 3.2.5.

Corollary 3.3.9 Let Ay, As,---, A, -+ be finite abelian p-groups, and let B be a finite

p-group. Let
GO - B?
Gi = GolA,
Gy = GilA,,
Gr - Gr—l 2 AT.

If B has an efficient presentation on d(B) generators then G, has an efficient presen-

tation on d(G,) generators.

Proof. We will use induction on r.

i) Let r = 1. Then the result holds by Theorem 3.3.8.

i1) Let r > 1 then G, = G,_1 ! A,. By the induction hypothesis, G,_; has an
efficient presentation on d(G,_;) generators. Moreover, G,_; is a p-group. Since A, is
an abelian p-group then again, by Theorem 3.3.8, GG, has an efficient presentation on

d(G,) generators. [J
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Chapter 4

The p-Cockcroft property of the

semi-direct products of monoids

4.1 Introduction

In this chapter we introduce the definition of the semi-direct product of any two
monoids, a generating set for this product and a presentation of this semi-direct prod-
uct on the given above generating set, and then we give a trivialiser set (see Chapter
1) of the Squier complex of this presentation, as found by Wang (see [60]). Then we
give necessary and sufficient conditions for the standard presentation of the semi-direct
product of any two monoids to be p-Cockcroft, for any prime p or 0. Moreover, we
give some applications of this to the direct product of two monoids and the semi-direct

product of two finite cyclic monoids.

4.2 Monoid presentations

4.2.1 Homomorphisms of monoids defined by presentations

Let P be a monoid presentation. We will give necessary and sufficient conditions for
a function from the generators of P to a monoid M to induce a homomorphism from

the monoid presented by P, say M(P), to the monoid M.
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Let M be a monoid, and let x be a set. Consider a function
Yix— M, x+—m,. (4.1)
For any non-empty positive word W on x, say W = 125 - - - x,., we define

V(W) =my,my, ---m,, (product in M).

Also, if W is the empty positive word, we define
(W) = 1.
It is clear that 1) is a homomorphism.

Lemma 4.2.1 Let P = [x; r] be a monoid presentation. A mapping v, as in (4.1),

mduces a homomorphism
Ge s M(P) — M, [al— m,
if and only if (Ry) = (R_), for all R € r.
Proof.
Suppose ¥(Ry) = (R_) for all R € r. Let us consider the function
Yo M(P) — M, [W]p — (W).

We must show that this is well-defined. So suppose that [IV;], = [W5],, where Wy, W,
are positive words on Xx.

Special case :

The positive word Wy is obtained from the positive word W, by applying a single
elementary operation [see Chapter 1]. So Wy = UR.V, W, = UR_.V for some positive

words U and V on x, R € r and ¢ = £1. Then we have
»(Wh) = P(URYV)
= YU)p(R)p(V)
= YU)P(R-)y(V)
since 1(R,) = ¥(R_) by assumption
= Y(UR.V)

= ().
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General case :

There exists a finite sequence of positive words on x
W1:U07 U17 IR Un:W27

where U,y is obtained from U; (0 < @ < n — 1) by an elementary operation over

monoids. Then by the special case, we have
¢<Ui+1) = ¢(Ui)~

So

as required.

Also 1, is a homomorphism:
¢*([WI]P [W2]73) = 1/’*([W1W2]7>)
= w(W1W2)

= Y(W)p(W2)

since 1) is a homomorphism
= U [Wl]p (UN [W2]7> :

Moreover, for all x € x

Ui [z] = ¥(z) = my
Conversely, suppose that 1, exists. Let R € r, with R, = z29---2,, R_ =
riwyexy (v, 2 € x,1 < i < n, 1 < j < k). So [Ry]p, = [R]p, that is,
[T129 -+ - 2] = [2)ahy - - - 2} ]. Then
(1] [w2] - - [wn] =[] [5] - - - [3 ],
= Uul[z] [ma] - [wn]) = ([ [25] - - - [}])

= Mgy Mgy~ Mgy, = Mg Myt - Ty
. . . .
since [x]p, —— m, and ), is a homomorphism

= Y(Ry) = ¥(R),
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as required. []
Let
Mat,(Z") = {M : M is a n x n-matrix with non-negative integer entries}.

This is a monoid under matrix multiplication where the identity element is the n x n

identity matrix.

Example 4.2.2 Let P = [z, y ; 2°y® = yz] be a monoid presentation. Let us choose

a map
¥z, y} — Maty(ZT), x+— my, yr— my,
where
10 0 1
my = and mo =
00 00

Thus, since {(x?y3) = ¥ (yx) then, by Lemma 4.2.1, v induces a homomorphism

U, s M(P) — Maty(Z"),  [z]p — ma, [ylp — mo.

Example 4.2.3 Let P be as in Example 4.2.2. Let us choose a map
1& Az, yt — M&tQ(Z+), T — My, Y — Mo,

where
11 1 0
my = and mo =
11 0 0
Here, since @2(:172y3) # (yx) then ¥ does not induce a homomorphism

~

s M(P) — Mato(ZV).
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4.2.2 Presentations of given monoids

Definition 4.2.4 Let M be a monoid, and let m = {m, : © € x} be a generating set
for M. We say that a presentation P = [x; r] is a presentation of M on the generating

set m, if the mapping

induces an isomorphism
Uy : M(P) — M, [z] — my,.

Example 4.2.5 (Free abelian monoids) Let the monoid M be Z*". Recall that
Z*T" consist of all n-vectors v = (v, Vo, -+, v,) where vy,---, v, are non-negative
integers. This is a monoid under vector addition where the identity element is 0 =
(0,0,---,0). Then, Z*" is generated by the elements m; = (0,0,---,1,0,---,0) where

the integer in the i'" position is 1 and all other entries are 0 (1<i<n). Then
P=lr; (1<i<n); zo;=xx; (1<i<j<n) (4.2)

is a presentation of Z+" on the set {m; : 1 <1 < n}. (The proof of this will be given

later in this chapter.) ¢
We now discuss finite cyclic monoids. Some of this material may also be found

in [32] (see “Monogenic semigroups”).

Let M be a finite cyclic monoid of order k£ > 1, generated by m say. Then

all belong to M. Since there are k + 1 elements in this list then the elements can not

all be distinct. So there exists 0 < p < ¢ < k such that m? = m4,
Lemma 4.2.6 If mP =m? in M with 0 < p < q < k then q =k.

Proof. Firstly, we prove by induction on n that m™ = m*™ for some 0 < a(n) < g—1.
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e Let 0 <n < ¢g—1. Then take a(n) = n.

e Now suppose n > ¢, and assume inductively that m! = m®® for some 0 < a(t) <

q— 1, for all t < n. Let us write n = A\¢ +  where A > 1, 0 < u < ¢. Then

mt = mMth — Mt — (mQ))\mM

= (mP)*m* (since m? = m9)

= mPmt = m\?Pte

By inductive hypothesis, since Ap + 1 < n then m*»+t# = meXP+n) for some
0<a(Ap+p) <qg—1. So, m" = m*A»+1) Then take a(n) = a(Ap + ). Hence

we get

m” = m®™ for some 0 < aln) < q-—1.

This implies that M = {1, m, m?, ---, m?'}. But since |M| = k this means that k
must be equal to q.

Hence the result. O

We deduce from this lemma that

k

i) we have m* = m! for some 0 <1 < k,

ii) the elements of M are 1, m, m?, ---, m*~! and since the order of M is k then

these elements must all be distinct,

i11) the positive integer [ in 7) is uniquely determined by M, for if there exists I’ € Z*
(I' #1,0 < I' < k) such that m" = m* then this gives m" = m!, which contradicts

the above lemma.
Lemma 4.2.7 A presentation for M on the generating set {m} is
Pk,l = [x : xk = :[;l} . (43)

Proof. Let us consider the mapping z s m. Then, by Lemma 4.2.1, we get an

induced homomorphism

Uyt M(Pry) — M, [z] — m,
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since 1 (x*) = (a') by i). Note that 1), is onto since m € Ima),. Clearly Py is a

complete rewriting presentation, and the irreducible elements are

Hence the distinct elements of M (Py,,) are [1], [z], [?], - -, [z"7!], and then | M (Py;)| =
k. Now if ¢, were not injective then |Im| < |M(Py,;)| = k. But this gives a contra-

diction. So 1), is injective, and is thus an isomorphism. [J

We have now proved that any cyclic monoid of order k is isomorphic to M (Py,;) for
some 0 < < k.

Now, for any 0 < [ < k, M(Py,) is a cyclic monoid of order k, generated by [z].
We then deduce from this and the previous paragraph that, up to isomorphism, the

cyclic monoids of order k£ are
M(Py,;) where [ =0,1,---, k— 1.
Lemma 4.2.8 Ifl # ' then M(Pry) ¥ M(Pry).

Proof. Let us assume that [ < [I’, and consider the cyclic group C' of order k& — [,
generated by c¢. There is a homomorphism v from M (Py;) onto C, given by [.’,U]'pk . s c.

Now if there were an isomorphism
w M(P&l/) — M('Pk,l)

then the composition yw, say +" would give a homomorphism from M (P ;) onto C.
Hence +'([z]p, ,) would have to be a generator, say ¢ of C'. But since [m]’f)k y = [x]%’;k y

then we would have
& =/ (lalb, ) =/ (alb, ) = &,
so ¢1) =1 in C. But since k — I’ < k — [ this contradicts the fact that the order of

¢ must be k —[.

Hence the result. [

Let us denote M (Py;) by M. Summarizing all the above, we have
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Theorem 4.2.9 For a fived k > 1 the monoids My, (0 <1 < k— 1) are cyclic of
order k, and are pairwise non-isomorphic. Any cyclic monoid of order k is isomorphic

to My, for some l.

Let us consider the elements of M}, ; more closely. Recall that they are the equiva-
lence classes [z°] (0 < i < k). For 0 < i < [, the equivalence class [z'] just consist of
the single element z'. However for ¢ > [, the equivalence class [z] consist of infinitely

many elements which are defined by
(2] = {zT D g =0,1,2,-- ).
Example 4.2.10 Let us take the monoid Ms 3. The equivalence classes are
2% = {1}, [¢'] = {«}, [+*] = {=°},

[2%] = {23, 2%, 27, -}, [2%] = {a*, 2%, 28, -}

Suppose m, n (m < n) belong to the same equivalence class [z?]. If i < [ then

m = n. Suppose ¢ > [. Then we must have
m=i+q(k—1) and n=1i+r(k—1),

where ¢, r are non-negative integers. There will then be a positive path (that is, a
monoid picture with all discs labelled by the relator 2% = 2! with sign +1) in the
Squier complex from 2™ to z° of length ¢, and similarly from 2" to * of length 7. This

can be illustrated geometrically as follows.
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;xm ;xn
Py, P,
?’J}k
J
1=z xk
q positive T positive
dics discs

Therefore P, P! is a path from z" to 2™, and

expp(PP!) =7 — ¢,
n—m
k—1
n—m
E—1"

where R is the relator z* = z!. Since r — ¢ = then we have

expp(PlP,) =

Note that when ¢ < [ (that is, m = n) we have the empty path from z" to z™.

Therefore, we have

Lemma 4.2.11 Suppose ™ and z™ (m < n) are in the same equivalence class. Then
there is a monoid picture Qy, ., with L(Qy ) = 2", T(Qpm) = 2™ and

n—m

k-1~
Remark 4.2.12 Actually, one could take IP,, to be of the form D, ,,[P,,,, where D, ,, is

€XPr (Qn,m) ==

a path from ™ to x™, so that B, P! is freely equal to Dy, .

Example 4.2.10 (continued) Let us choose m = 6 and n = 8. Notice that 25, 2% are

in the same equivalence class [x*]. Then we can show that the picture PgPg' is freely

equal to Dg ¢ as in the following figure.
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One can give a trivializer set of the Squier complex of Mj,; as follows.

Pg

Dyg 6
25
P
cancelling
. air
- b
—x? operation
—1
]P)G éz
T

Lemma 4.2.13 Let M be the finite cyclic monoid with the presentation Py;, as in

(4.3). Then a trivializer set of the Squier complex D(Py,;) is given by the pictures ]P”,L'C’l

(1<i<k—1), as in Figure 4.1.

1
Pk,l

2
]Pk,l

Figure 4.1:

k-1
sz,l

Proof. Since Py is a complete rewriting presentation then, by “overlapping”, we can

obtain the pictures in Figure 4.1, as required. [



4.2.3 Endomorphisms of monoids

A homomorphism from a monoid to itself is called an endomorphism. Let M be a
monoid. Then the set of all endomorphisms of M form a monoid under composition,
where the identity element is id : M — M, and we denote this monoid by End(M).

Let P = [x ; r| be a presentation of M, that is, M (P) = M. For each z € x, let us
consider a map

E:x— M(P), x+— [W,],

where W, is a positive word on x. In order to show that this induces a homomorphism,

we must use Lemma 4.2.1. For any positive word V' on x, say V = x1x9-- - x,, let
EWV) =Wy Wy, --- W, ] (product in M(P)).
Then the map ¢ induces a homomorphism if and only if
§(Ry) = ¢(R-),
for all R € r.

Example 4.2.14 Let M be Z*", and let M be an n x n-matriz with non-negative

integral entries. Then we get a mapping
Ym 2T — 7", v — vM,

where v = (v1, v, -+, v,) as in Example 4.2.5. Actually, vy € End(Z1") and Yan, o, =
UnyM, - We should note that, if ¢ € End(Z*") then there exists a matriz M (depending
on @) such that ¢ = .
By the mapping
M — ¢,

we get an isomorphism from the monoid Mat,(Z") to the monoid End(Z*t"). ¢

Example 4.2.15 Let M be a cyclic monoid generated by m.
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Case 1 : Suppose M is a cyclic monoid of order k. Then, by Lemma 4.2.7 and

Definition 4.2.4, My; = M where 0 <1 < k—1. By Lemma 4.2.1, the mapping

v 2] (0<i<k)

mduces a homomorphism
i o My — My

since [#¥1] = [2Y] in My;. Moreover, if ¢ : My; — My, is any endomorphism then we
must have ([z]) = [2°] for some 0 < i < k, so ¢ and v; agree on the generating set
{[z]} of My, and so are equal. Hence g, Yn, - -+, Yr_1 are the only endomorphisms
of M. Since these endomorphisms take different values at [x] then they are distinct.

Hence

End(MkJ) = {¢z D= 0,1,"',]{}— 1}

Case 2 : Suppose M is an infinite cyclic monoid. This means we are working on

Z*" where n =1, as in Example 4.2.14. So we have
Mat(Z) = End(M),
that is, Z+ = End(M). ¢
We now consider some one-relator monoids.
Example 4.2.16 Let M be the one-relator monoid with the presentation
P = [:vl, Ty 125 = 1'22711’2271} .

In [21], it has been proved that M has no endomorphism other than the identity homo-

morphism.

In the next three examples non-trivial endomorphisms will be introduced for some

one-relator monoids which will be used later in this thesis.

Example 4.2.16.(a) Let M be the one-relator monoid given by the presentation

P = [:L‘l, To ; T1ToT1 = $2.Z'If:| By Lemma 4.2.1, a mapping

€ {r, 29} — M(P), w1+ [1Y], 13— [29],
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where 1 € Z, induces an endomorphism if and only if
|21 2921] = [2227"].
This equality always holds as can be shown as follows.

[$7ix2$7i] = [x’i‘lxlazg;le’fl] = [le :EQxlfxll 1] (since x1x911 = xgxlf)

= [ %2wom 222 = [ 2w0a 2 22 (since xixoxy = 2oah)

= el meabal TN = [wyak).

¢

Example 4.2.16.(b) Let M be given by the presentation P = [xl, Ty ahay = $2.’E’f:|

Again, by Lemma 4.2.1, a mapping
5 : {1’1,1‘2} - M<P)7 Ly [le]7 Lo [JJ%],
where i, j € Z7, induces an endomorphism if and only if

[o1'wh] = [w3ay].

Indeed,
[Zhiad] = [2FFaka,al ) = [V Fagatal T (since 2 xy = 20ah)
= [ab kg ab e, 2l TP = [y ab nyahad ) (since a¥xy = x92h)
=[xkl 13:’1“3:2.7552 1)k] = [:vgjfl)xgxlfxyfl)k] (since x¥wy = woa¥)
= [-’fﬂlm-
O

Example 4.2.16.(c) Let M be given by the presentation P = [ml, Ty} T1Xog = xgx’ﬂ

As previously, by Lemma 4.2.1, a mapping

€ {ry, 29} — M(P), w1+ [1}], 13— [29],
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where 1 € Z, induces an endomorphism if and only if

[l‘zﬁﬂ = [Izl‘lfi]-

This always holds as can be shown as follows.

[rhay] = [2i'ayas) = [2h wea] (since x12y = x02%)
= [0 200%] = [287 w02 2R (since 2120 = 202%)
= [y Vet af] = [manal - 2l] = 112007
= [222% 2] (since 12y = xoak)
= [zoay’].

4.3 Semi-direct products of monoids

4.3.1 The definition
Let A and K be monoids, and let us take a monoid homomorphism
0:A— End(K), a—10, (ac€A), 1+ idgnk). (4.4)

Then we can define the semi-direct product D of K by A, as follows.
The elements of D are all ordered pairs (a, k) where a € A, k € K and the product
is given by

(a,k)(d', k') = (ad’, (kOu)K'). (4.5)
By checking the monoid axioms, we can show that D is a monoid as follows.

a) The closure holds by (4.5).

b) The associativity:
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Let ay, as, ag € A and ky, ko, k3 € K. Then we will check whether the equality

(a1, k1)[(az, k2)(as, k)] = [(a1, k1)(ag, k2)](as, k3)

holds. Let LHS and RHS be the left hand side and the right hand side of this
above equality, respectively. Then we get
LHS = (a1,k1)(azas, (k20a;)ks) by (4.5)
= (a1(a2a3), (F10a505) (k20a;)ks) Dy (4.5)
= (ayagas, (k104,04,)(kab4,)ks3) since 6 is a homomorphism,

and

RHS = (@1&2,(k19a2)k2>(a3,k3) by (45)

= ((a1a2)as, (((k104,)k2)04,)k3) by (4.5)

= (ajagas, (k104,04;) (k204 )ks) since ,, is a homomorphism.
So, the associativity holds.

The identity:

Let 14 and 1x be the identity elements of A and K, respectively. Then the
identity element of D is (14,1x). That is, for all (a,k) € D, we need to show
that

(14, 15)(a, k) = (a, k) = (a,k)(1a, 1g).

First of all, we get
(1a, 1xe)(a, k) = (Laa, (1x0a)F),

by (4.5). Now, since §, : K — K (a € A) is a homomorphism then 6, maps the
identity element of K which is 1x to itself. So, (1x0,)k =k for all k € K. Thus,
(Laa, (1x0,)k) = (a, k).

On the other hand, we get

(a,k)(1a, 1k) = (ala, (k01,)1K),
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by (4.5). Since 14 € A then 0;, € End(K). Furthermore, since 61, = idgnak)
then 6, , is the identity homomorphism of K. Then, for all k¥ € K, kb,, = k.
Thus, (ala, (k61,)1k) = (a, k).

Therefore D is a monoid.
Remark 4.3.1 For any (a,k) € D where a € A and k € K, we have
(a,k) = (a,1x)(1a, k). (4.6)

(To see this let us take (a,1x)(1a, k). Then, by (4.5), we get (ala, (1x61,)k). Since
0

, 1s the identity homomorphism and 1g is the identity element of K then we get

(a, k), as required.)

4.3.2 A generating set for D

Let us choose generating sets
k={k,:ycy} and a={a,:x€x}
for the monoids K and A, respectively. Then the set
d={(1k) (yeY) (a:,1) (x €x)}

generates D. That is to say, any element in D, say (a, k) where a € A, k € K, can be

written as a product of some elements from the set d. We need to show that
(a,k) =dydy---d, where d; ed, 1 <i <.
Since a generates A and k generates K, we have
A= Gy Ugy - -~ Ay, a0d k= ky Ky, -+ - Ky, , (4.7)

where r; €x,y; €y, 1 <i<m,1<j<nand m,n > 0.
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(a,k) = (a,1)(1,k) by (4.6),
= (g, Azy Qg 1) (1, ky Ky - - Ky, ) by (4.7),
= (a’wu 1)(0’9027 1) T (aﬂﬂmv 1)(17 kyl)(17 ky2) T (17 kyn) by (46) and

by the fact that 6,, maps the identity element of K to itself,

and then, since each of these pairs is in the set of d then we get what we required.

4.3.3 A presentation for D

Let Px = [y; s] and P4 = [x; r] be presentations for K, A on the generating sets k,

a, respectively. Then, by Definition 4.2.4, we have isomorphisms
Vi, M(Pk) — K, [y]PK — ky

Ya, : M(Pa) — A, [z]p, — a
induced by the functions
Uy — K, yr—ky,
Ya:x— A, T+ a,.
For each y € y, = € x, let yf, denote a positive word on y representing the element
kyb,, of K, that is Vg, [y8,]p, = kyba,. Let T,, denote the relator yx = x(yb,), and
let t be the set of all relators of the form T, (r € x, y €y).

The proof of the following theorem can be found in [55].
Theorem 4.3.2 A presentation for D on the generating set d is given by
PD = [X7 y;r,s, t] . (48)

Remark 4.3.3 If W = y1y2-- - ym 1S a positive word on 'y then for any r € x, we
denote the positive word (y10,)(y20z) - -+ (Ymbz) by WO,. If U = x1x9 - - - 1, is a posilive
word on x then for any y € y, we denote the positive word (--- ((y0s, )02y )00y - - +)0,)

by yOu, and this can be represented by a picture, say Ay, as in Figure 4.2.
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Figure 4.2:

4.3.4 Trivializer of the Squier complex D(Pp)

Let Xa and Xk be trivialiser sets of D(P,4) and D(Pk), respectively.
Let S € s, x € x. Since [S40,]p = [S_0.]p,, there is a non-spherical picture, say
Bs ., over Px with

t(Bs,) =S40, and 7(Bg,) = S_0,.

Note that, there are various Bg, pictures which can be drawn.
Let R € r, y € y. Then we get non-spherical pictures Ag, , and Ag_,, respectively,
as in Figure 4.2. We should note that, these pictures consist of only 7}, discs (z € x).

Moreover, since [yQR JPK = [y@Rf] there is a non-spherical picture, say C, g,,, over

Pr’

L(CyﬁR) = y63+ and T(Cy79R> = yeR_-

We should also note that there are various C, g, pictures which can be drawn.
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Our aim is now to construct spherical monoid pictures by using these above non-
spherical pictures.

Let us take a single Bg, picture. If we process the initial positive word of Bg,,
which is S;6,, and the terminal positive word of Bg ., which is S_6,, by a single z-arc,
then we get some T}, (y € y) discs at the top (and at the bottom) of the Bg, picture.
Then we have a new picture containing a single Bg, picture and some T, (y € y)
discs. But for this picture, we get the positive words S,z (at the bottom) and S_z
(at the top), respectively, that is, it is a non-spherical picture. So, to get a spherical
monoid picture from this non-spherical picture, we must fix a single S-disc on the top
(or bottom) of this non-spherical picture. Then we have a spherical monoid picture,
call it Pg,, as shown in Figure 4.3.

Now let us take the pictures Ag, , and Al_i,y‘ We can combine these two pictures
by

e fixing a single R-disc between them, and then

e fixing a single C, 4, picture between the positive words yfr, and yfp_, respec-
tively. Then we get a new picture, and for this picture, we get the positive words y R
(at the top) and yR_ (at the bottom), respectively. To get a spherical monoid picture,
we must fix a single R-disc on the top (or bottom) of this picture. Then we have a
spherical monoid picture, say Pr,, as in Figure 4.3.

Let

Ci={Ps, : Ses,zex}and Co={Pr, : Rer,ycy}

The proof of the following theorem can be found in [60].

Theorem 4.3.4 Suppose that D = K xg A is a semi-direct product with associated
presentation Pp, as in (4.8). Let Xa and Xk be trivialiser sets of the Squier complexes

D(P4) and D(Pk), respectively. Then a trivialiser set of D(Pp) is
XA UXgUC; UCGC,. (49)

Let us denote the set (4.9) by Xp.
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Figure 4.3:

4.3.5 Defining a homomorphism 6 : A — End(K)

Suppose that K and A are given by presentations Py = [y ; s] and Pa = [x; r],
respectively. We have seen in Section 4.2.3 how to obtain endomorphisms of K. Let
us suppose that, for each x € x, we have obtained an endomorphism v, of K in this

way. So we have a mapping
x — End(K), x+—1,.
In order to show that this induces a homomorphism

0:A— End(K),
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we must use the basic Lemma 4.2.1. For any positive word W on x, say W = x5 - - - 2,

let

Yy = Vg Uuy -+ -y, (product in End(K)).

Then the above map induces a homomorphism 6 if and only if

Yr, =Yr_,

for all R € r. Since two endomorphisms of K agree if and only if they agree on a

generating set, we must show that

[y]ﬁim = [y]ﬁiR_ )

forally ey, Rer.

Example 4.3.5 Let K be Zt". Let us consider the standard presentation (4.2) of Z*T",
and then let y be the set of generators and r be the set of relators of this presentation.
Then Px = [y ; r] becomes a presentation of the monoid Z".

In Ezample 4.2.14, we showed that Mat,(Z") = End(Z"). So the endomorphism
Y, (x € x) will be Yz, for some matriz M. For any positive word W = x1xs -z,
on x, let My, be the product M, M., --- M, of the matrices My, ,---, M, . Then the

mapping © — m, (x € X) induces a homomorphism
0:A— End(Z™")
if and only if Mr, = Mp_, forall Rer. §

Let us give a specific example of this as follows.

Example 4.3.5.(a) Let K be the free abelian monoid rank 2 with the presentation
Prx = [Y1, Y2 ; y1y2 = Youi] as in (4.2), and let A be the one-relator monoid with the

presentation Py = |11, Ty ; 2379 = To71].

Let us take two matrices M,, = and M,, = . Thus, since
01 01

M2 M,, = M,,M,, then the mapping x, — UM, T2 — Pwm,, nduces a homo-

morphism 0 : A — End(Z*?). ¢
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By the following example, we define a homomorphism from a finite cyclic monoid

to the endomorphism monoid of another finite cyclic monoid.

Example 4.3.6 Let K and A be two finite cyclic monoids with the presentations

Pi=1[y;v" =y], Pa=[o;2"=2"], (4.10)

respectively, where | < k and A < p (see Lemma 4.2.7). Let v; (0 < i < k) be an

endomorphism of K (see Example 4.2.15, Case 1). Then we have a mapping
r— End(K), z+— 1.
By Lemma 4.2.1, this induces a homomorphism
0:A— EndK), z+ 1

if and only if
o =P

Since Y and ¥ are equal if and only if they agree on the generator y of K, then we

must have

" =1y"1]. (4.11)

4.4 The p-Cockcroft property for semi-direct prod-

ucts

4.4.1 The general theorem

Theorem 4.4.1 Let p be a prime or 0. Then the presentation Pp, as in (4.8), is

p-Cockeroft if and only if the following conditions hold.
(1) Pa and Pk are p-Cockeroft,

(ii) exp,(S) =0 (mod p) for all S € s,y €y,
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L, So=S8
(iii) expg,(Bsq) = (mod p) for all Sy, S € s, x € X,
0, otherwise

() expg(Cyo,) =0 (mod p) forallSes,ycy, Rer,
(v) expy,, (AR, y) = expr, (Ar_y) (modp) forall RET, y €y and x € X.

Proof. Since the trivialiser set Xp contains the trivialiser sets X of D(P4) and Xk
of D(Pk) by Theorem 4.3.4, then we must have P4 and Pk are p-Cockeroft. This gives
the condition (7).

Consider a picture Pg, (S € s, € x). It contains a single S-disc, some T}, (y € y)
discs and a single IB%;; subpicture. First of all, this single S-disc must be balanced by
using the subpicture ]B%g; which contains the remaining s-discs. Thus we must have

1, So=5

expg, (Bsa) = (mod p),
0, otherwise

for all Sy € s. So the condition (7ii) holds. Furthermore, we need to count the number
of T, (y € y) discs in the Pg, picture. For a fixed y € y, the exponent sum of 7}, in
IP)S@ is

Ly(s—i-) - Ly(S—) =def expy(S).

Thus the condition (i7) must hold.
Consider a picture Pg,, (R € r, y € y) which contains the subpictures Ag, ,, Al_i,y’ Cyon
and two R-discs. Note that, the exponent sum of the R-discs will be equal to zero for

the picture Pg,, that is, we have
expp(Pry) =1—-1=0.

Let us consider the subpictures Ag, , and Ap' , Which consist of only T, (z € x)
discs. We should note that, T, (z € x) discs are only contained in these subpictures,
in the picture Pg,. Since the picture Pg, contains a single subpicture Ay, , and single

subpicture AR ,» then we have

expr,, (Ar, y) —expy,, (Ar_y) = expy,, (Pry).
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Thus we must have

CXPry. (AR, y) — eXpr,, (Ar_,) =0 (mod p),

for all € x. So, the condition (v) holds. Also, let us consider the subpicture C, g,

which consist of only the S-discs (S € s). So, we must have

expg(Cyp,) =0 (modp),

for all S € s, and this gives the condition (iv). O

4.4.2 Direct products

In this section we will give necessary and sufficient conditions for the presentation of
the direct product of the monoids A and K to be p-Cockeroft (p a prime or 0).

The direct product corresponds to the case when 6 is the trivial homomorphism
A— End(K), a+—id (a€A).

So, let us take

Y0, = v, (4.12)

for all y € y. Then, for x € x, y € y, the relator T}, becomes simply
Tye : yx = 2Y.

Then the picture Ay, becomes the picture as shown in Figure 4.4.

By using (4.12), we have
t(Bg,) =54 and 7(Bg,) =S_ (S €s, z € x),

for the subpicture Bg,. Then we take Bg, to be the following form.
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Figure 4.4:

By using (4.12), we have
UCypp) =y and 7(Cyp,) =y (RET, y€Y),

for the subpicture C,g,. Then C, 4, can be chosen to consist of a single y-arc and no

discs.

Therefore, as a consequence of Theorem 4.4.1, we get the following result.

Theorem 4.4.2 Suppose that 0 is the trivial homomorphism, and let p be a prime or

0. Then the presentation Pp, as in (4.8), is p-Cockcroft if and only if the following

conditions hold.
(a) Pa and Pk are p-Cockeroft,
(b) exp,(S) =0 (modp) forall S €s,ycy,

(c) exp,(R) =0 (modp) for all R €r, x € x.
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Proof. To prove this theorem, let us check the conditions of Theorem 4.4.1 hold.

i) To make (i) holds, we definitely need P4 and Pk are p-Cockcroft. So, this also
gives the condition (a).

i1) Clearly, the condition (ii) gives the condition (b).

i1i) The condition (7ii) obviously holds.

iv) The condition (iv) clearly holds.

v) It is clear that
expr, (An.y) = Lo(R.) and expp, (An_,) = Li(R_).
So, to make (v) holds, we need
Lo(Ry) — Le(R-) = 0 (mod p).

That is,
exp,(R) =0 (mod p)

which gives the condition (c).

Hence the result. O

Let p be a prime or 0. Let K be the monoid presented by Px = [y ; s|, and let
A be an infinite cyclic monoid generated by x. Then, a presentation for the monoid

K x Z* can be given by

Prxz+ =y, x5 s, yz=ay (y €y)]. (4.13)
As a consequence of Theorem 4.4.2 (so that Theorem 4.4.1), we have

Corollary 4.4.3 Let p be a prime or 0. The presentation Pyyz+, as in (4.13), is
p-Cockeroft if and only if

(a") Pk is p-Cockeroft,

(') exp,(S) =0 (mod p) for ally €y and S € s.

88



Proof. The proof is an easy application of the proof of Theorem 4.4.2. To make
(a) hold, we certainly need Pk is p-Cockcroft. Notice that, P4 is aspherical, hence
Cockeroft. So, these give the condition (a'). Clearly, (b) gives (b'), and the condition

(¢) is vacuous. O

Example 4.4.4 As an example of Corollary 4.4.3, let us prove by induction on n that
the presentation P, as in (4.2), presents the monoid Z*", and is Cockeroft.

e Letn=1. Then, we get Z* which is infinite cyclic monoid with a presentation
P = [yl ; ] .

Then, Py is aspherical, hence Cockcroft.

o Let us assume that
Por=1[y1, ¥2 Un-1; Yy = y% (1 <i<j<n—1)

s a presentation of 7" and that it is Cockcroft. Let y be the set of generators
Y1, © -+, Yn—1, let s be the set of relators yy; = y;u: (1 <1< j<n—1), and let x be
the generator y,. Then the set of relators y;y, = yny; (1 < i < n— 1) becomes the set

of relators t. Thus we have a presentation
Po = [y v s gy =yy (1<i<j<n—1)
Yiyn = Ynyi (1 <i<n—1)]
of the monoid Z+" = ZT"" x Z*, as in (4.13). Notice that the presentation P, as
in (4.2) and P, are equivalent. To establish the Cockcroft property of Py, let us use
Corollary 4.4.3. By inductive hypothesis P,_1 is Cockcroft, so the condition (a’) holds.

Also, for all S €s, y €y, exp,(S) =1 —1=0 which gives the condition (b'). Thus,

P, is Cockcroft, as required.

4.4.3 Semi-direct products of finite cyclic monoids

In this section we will give necessary and sufficient conditions for the presentation of

the semi-direct product of two finite cyclic monoids to be p-Cockcroft (p a prime).
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Let K and A be two finite cyclic monoids with the presentations Px and Pj,

respectively as in (4.10). Suppose that
y"]=1[y"].

Then the mapping x — 1); induces a homomorphism 6 : A — End(K) (see Example
4.3.6).

Now, by Theorem 4.3.2, we have a presentation
Pp=1y,z; S, R, Tys], (4.14)
for the monoid D = K x4 A, where
S:yf =y, R:a" =2 and Tyx:yx:xyi.

We have the picture Bg, as in Figure 4.5, and then expg(Bs,) = 1.

ki
"y
Bs,x
gl
i yl
by Al e
Ui yl
- gyli
Figure 4.5:

By the assumption, since (4.11) holds then, by Lemma 4.2.11, there is a monoid
picture C, 4, with

N

L((CyﬂR) - yi/‘7 T(CyﬁR) - yz
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and
e
eXpS(Cy70R> = k . l .

Also, we have the picture Ag, , (and similarly Ar_,) as in Figure 4.6. It is clear

AR+7y

Ei—m”

<l
by

Figure 4.6:
that
o o b1
expr, (Ap,y) =140+ + -+ = —
and
5
S A 1t —1
eXpTyz(AR—vy>:1+Z+7/2+"'+Z)\ 1: 7/_1
Let
A

m=k—1l,n=1—1,t="—1i".

As a consequence of Theorem 4.4.1, we have the following result.
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Theorem 4.4.5 Let p be a prime. Suppose that K Xy A is a monoid with the associated

monoid presentation Pp, as in (4.14). Then Pp is p-Cockeroft if and only if

t t
plm,pln,p|l—,p|—.
m n

Proof. We will prove it by checking the conditions of Theorem 4.4.1 hold.

(1) By Lemma 4.2.13, trivialiser sets Xg and X of the Squier complexes D(Pk)
and D(P,) respectively, can be given as in Figure 4.1. Thus, it can be seen that Pg
and P, are p-Cockeroft (in fact Cockeroft), and then the condition (i) holds.

ii) exp, (S) = k — I so for (i7) to hold, we must have p [ k — [.

i1i) To make (ii7) hold, we need i =1 (mod p), so that p | i — 1.

iv) For the subpicture C,g,,, we must have
A

" —1

k—1"

P |

to make (iv) hold.

v) Also, to make (v) hold, we need

-1 -1
= d
=1 = o (medw)

by using the subpictures Ag, , and Ag_,. That is,

it — A

1—1

=0 (mod p).

Hence the result. O

We remark that as a consequence of Theorem 4.4.1, one can say that the monoid
presentation Pp, as in (4.14), is Cockecroft if and only if 4 = A\, k = land i = 1.

However, since we require | < k, A < u then this presentation can never be Cockcroft.
Example 4.4.6 Let k=10,1=6, u =4, A\ =2 and i = 3. Then we get

t
m=4,n=2t=3"-32=72, — =18, — = 36.
m

t
n

92



Hence p = 2 divides these all values, and then by Theorem 4.4.5, Pp is 2-Cockcroft.

Stmilarly, by chosing k =6, =2, u =5 A=3 and i =3, we get

t
m=4,n=2,t=3"—3"=216, — = 54, — = 108,
m

t
n

then again Pp is 2-Cockeroft. &

Example 4.4.7 Let p be any prime, and let

| L1p -1
i—ptli=1, k= (p+ @Y 2L

)+, A=1, p=p+1.
Then,
(p+1)P—1

S n=p =+ = (1)

m = (p+1)(

t t
Since p divides m, n, — and — then, by Theorem 4.4.5, Pp is p-Cockcroft. §
m n
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Chapter 5

Minimal presentations of
semi-direct products of some

monoids

5.1 Introduction

In this chapter, as an application of the previous chapter, we begin by giving neces-
sary and sufficient conditions for a semi-direct product of a one-relator monoid by an
infinite cyclic monoid to be p-Cockcroft, for any prime p or 0, and then we give some
applications of this to semi-direct products of the free abelian monoid of rank 2 by an
infinite cyclic monoid, and semi-direct products of some particular one-relator monoids
by an infinite cyclic monoid.

Following this, we introduce our main result of this chapter which gives sufficient
conditions for the presentation of a semi-direct product of a one-relator monoid by an
infinite cyclic monoid to be minimal but not efficient, and then we give some applica-

tions of this.
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5.2 Semi-direct products of one-relator monoids by
infinite cyclic monoids

Let K be a one-relator monoid with presentation Px = [y ; Sy = S_], and let A be
the infinite cyclic monoid with presentation P4 = [z ; |. Let ¢ be an endomorphism

of K. Then by Section 4.3.5, the mapping z —— 1) induces a homomorphism
0:A— End(K),
and we can form the semi-direct product D = K x4 A. This will have a presentation
Pp=ly,z; Sy =5_,t], (5.1)

where t is the set of relators T, (y € y). Notice that, since P4 = [z ; | is aspherical
then Xa = (). Also, for the relator S, let us assume that ¢(S;) # ¢(S-) (or 7(S) #
7(S_)). So, by [34], Pk is aspherical, so Xk = (). Moreover, since r = () then Cy = 0.
Therefore Xp = C;. Note that we have a single Pg, picture, as in Figure 5.1, in the

set C; since K is a one-relator monoid.

5.2.1 The p-Cockcroft property

Theorem 5.2.1 Letp be a prime or 0, and let K be a one-relator monoid, with relator
S say. Suppose that 1(S1) # 1(S-) (or 7(Sy) # 7(S-)). Let D be a semi-direct product
of K by an infinite cyclic monoid A with associated presentation Pp, as in (5.1). Then

Pp s p-Cockeroft if and only if
(a) exp,(S) =0 (mod p) for ally €y,
(b) expg(Bs.) =1 (mod p).

Proof. It is an easy application of the proof of Theorem 4.4.1.
Since P4 and Pk are aspherical and Cy = () then the conditions (i), (iv) and (v)
of Theorem 4.4.1 are trivial. On the other hand, the condition (ii) gives (a) and the

condition (#ii) gives (b).
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Figure 5.1:

Hence the result. O

Example 5.2.2 Let K be the free abelian monoid of rank 2, presented by

Pr = [y1, Y2 ; Y1Y2 = You1],

/

a o«
and let 1) be the endomorphism n where M is the matrix (o, o/, B, 7 €
g
Z1), given by
1] — [yiys'] and [ya) — [y7v5 |

(see Examples 4.3.5 and 4.3.5.(a)).

By Theorem 4.3.2, we have the presentation

Pp = [ylv Y2, T ; S, Ty1x> Tyzz] ) (5'2)
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for the monoid D = K x4 A, where
S yys = oy, Ty s 1w = ayiys and Ty : yow = 2ylys

respectively. Note that the picture Bg, can be given by Figure 5.2. §

/

B, yis nYs

73

Figure 5.2:

Now, by considering the picture Bg, as in Figure 5.2, we prove the following equal-

ity.

Lemma 5.2.3
expg(Bs,) = detM.
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Proof. We have af’-times positive and o/(-times negative S-discs, in Bg,. So that

expg(Bs.) = af —a'p,

= det M,
as required. []

As a consequence of Theorem 5.2.1, we have

Corollary 5.2.4 Let p be a prime or 0. Let Pp be as in (5.2). Then Pp is p-Cockeroft
if and only iof
det M =1 (mod p).

Proof. Let us check the conditions of Theorem 5.2.1 hold.
Since exp,, (S) = 0 = exp,,(S) then (a) holds. Also, by Lemma 5.2.3, (b) holds if
and only if det M =1 (mod p). O

Example 5.2.5 Let K be the one-relator monoid with the presentation
Pr = [y, 25 5],
where S : y1y2y1 = Y2y, and let ¥, be the endomorphism given by
1] — 1] and [yo] — [y2],
where i € 7 (see Example 4.2.16.(a)). By Theorem 4.3.2, we have the presentation
Pp = [y1, 12, T 5 S, 1w = a2y}, 11 = wYs] (5.3)
for the monoid D = K xg A. The picture Bs, can be given by Figure 5.3. &

We get the following result for the above example, as a consequence of Theorem

5.2.1.
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Corollary 5.2.6 Let p be a prime or 0. Let Pp be as in (5.3). Then Pp is p-Cockeroft
if and only if

a') k=2 (mod p)

and

b') i =1 (mod p).

Proof. Let us check the conditions of Theorem 5.2.1 hold.

It is clear that exp, (S) = 2 — k and exp,,(S) = 1 —1 = 0. Then to make the
condition (a) hold, we must have k —2 = 0 (mod p) which gives a’). Also, since
expg(Bs,) =i then the condition (b) gives ).

Hence the result. [

Example 5.2.5 (continued) One can choose k = 2 and i = 3 then Pp is 2-Cockeroft,

or k=5 and i =4 then Pp is 3-Cockcroft.
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Remark 5.2.7 [t is easy to see that if k = 2 and 1 = 1 then Pp is 0-Cockcroft.
But the condition © = 1 implies that 1, is the identity map and so 0 is the trivial
homomorphism, as in (4.12). Then the presentation Pp becomes a presentation, as in
(4.13), of the direct product K x Z*. Thus, by Corollary 4.4.3, we can see directly Pp
1s 0-Cockcroft when k =2 and 1 = 1.

Example 5.2.8 Let K be given by the presentation Px = [y1, y2 ; S], where S :
Yy = youk, and let 1, be the endomorphism given by
1] — [yi] and [ys] — [,

where i, j € Zt (see Example 4.2.16.(b)). By Theorem 4.3.2, we have a presentation

Po = [y1, v, x5 S, iz = 2y}, yox = zy)] (5.4)
for the monoid D. For this example, the picture Bg, can be given by Figure 5.4. &

We then get the following, as a consequence of Theorem 5.2.1.

Corollary 5.2.9 Let p be a prime or 0. Let Pp be as in (5.4). Then Pp is p-Cockcroft
if and only if

ij =1 (mod p).

Proof. Again, let us check the conditions of Theorem 5.2.1 hold.
Since exp,, (S) = k —k = 0 and exp,,(S) = 1 —1 = 0 then the condition (a)
holds. Also, since expg(Bg,) = ij then to make the condition (b) hold, we must have

ij = 1 (mod p) which gives the condition of the above corollary, as required. [J

Example 5.2.8 (continued) One can choose i = 3 and j = 1 then Pp is 2-Cockeroft,
ori=j =2 then Pp is 3-Cockcroft.

Remark 5.2.10 [t is clear that if i = j = 1 then Pp is 0-Cockcroft. But as we said in
Remark 5.2.7, the presentation Pp becomes a presentation, as in (4.13), of the direct
product K X Z* when i = j = 1 holds. Then, by Corollary 4.4.3, one can say directly

the presentation Pp is 0-Cockcroft.
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A similar example can be given as follows.

Example 5.2.11 Let K be given by the presentation Px = [y1, y2; S|, where S :

Y12 = oyt and let 1, be the endomorphism given by
1] — 1] and [yo] — [y2],
where i € " (see Example 4.2.16.(c)). By Theorem 4.3.2, we have a presentation
Po = [y, y2, x5 S, yux = 2y, yow = 1] (5.5)
for the monoid D. Also, the picture Bg, can be given by Figure 5.5. ¢

Thus, as a consequence of Theorem 5.2.1, we get
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Corollary 5.2.12 Let p be a prime or0. Let Pp be as in (5.5). Then Pp is p-Cockeroft
if and only if

a) k=1 (mod p),
b) i=1 (mod p).

Proof. Again, let us check the conditions of Theorem 5.2.1 hold.

Clearly exp,, (S) =1 —k and exp,,(S) =1~ 1 = 0, so to make the condition (a)
hold, we must have k —1 = 0 (mod p) which gives a’). Also, since expg(Bg.) = ¢ then
the condition (b) gives b').

Hence the result. O

Example 5.2.11 (continued) One can choose i =5 and k = 7 then Pp is 2-Cockcroft,
ori =k =4 then Pp is 3-Cockcroft. ¢
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Remark 5.2.13 Clearly if i+ = k = 1 then Pp is 0-Cockcroft. But as we said in
Remarks 5.2.7 and 5.2.10, the presentation Pp becomes a presentation, as in (4.13), of
the direct product K x Z* when i = k = 1 holds. Then, by Corollary 4.4.3, one can

say directly the presentation Pp is 0-Cockcroft.

5.3 Some minimal but inefficient presentations

As we mentioned in Chapter 1, a presentation is efficient if and only if it is p-Cockcroft,
for some prime p. It follows from Theorems 5.2.1 and 4.4.1 that the presentation Pp,

as in (5.1), is efficient if and only if there is a prime p such that
e exp,(S) =0 (mod p) for all y €y,
e expg(Bs,) =1 (mod p),

in other words, if and only if

hef(exp,(S) (y € y), expg(Bsa) — 1) # 1.
In particular, Pp is not efficient if
expg(Bs,) =0 or 2.

Let d = hef(exp,(S) (y €y)). The value of d will be taken to be 0 if all exponent
sums are 0 in hef(exp,(S) 1y €y).

Our main result of this chapter is the following.
Theorem 5.3.1 The presentation Pp, as in (5.1), is minimal (but not efficient) if
d # 2" and expg(Bs.) = 2,
for any n € Z*.

To prove this theorem, we need the following material.

Let us consider the picture Pg,, as in Figure 5.1.
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D

0 0
Recall that, for a fixed y € y, En denotes Fox derivation with respect to y, and 50
Y Y

is the composition

e
ZF(y) 2% ZF(y) — ZD,

D
where F(y) is the free monoid on y. Moreover, for the relator S, we define 5 to be
Y
oPS, _ oPS_
Ay oy

For a fixed y € y, let us write
Sy =UpylUry---U,1yU, and S_ = VoyViy - Vi1yVi,

where each U; (1 < i< r)and V; (1 < j<k)isaword ony — {y}. Then, for this
particular y, the left evaluations of the positive atomic pictures in Pg, (see Chapter 1)

containing a T, disc are
erTyz, UoZ/UleTyz, Uy - Ur71€Ty$,

and the left evaluations of the negative atomic pictures in Pg, containing a 7, disc
are

—VOGTW; —VoyvleTyz, e =Voy - V}—lé’Tyz-

Hence, for a fixed y, the coefficient of er,, in eval®) (Pg ) is

_ . _______ 9Ps
Uo+onU1+~~+on~~Ur,1—(%+%y%+---+%y-~%71>=a—y- (5.6)

Lemma 5.3.2 The second Fox ideal .72(1) (Pp) of Pp is generated by the elements

1 — Z(eval (Bg,)) and B0 (y €y).
Y

Proof. Since D(Pp) has a trivialiser Xp consisting of the single picture Pg,, we need

to consider eval(Pg,). We have

l E /‘
e/Ua/l( )<]P)S:x) = )\PS,x ’Ses + APS,xyTyz eTyz?
yey
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where

Apg,.s = (1= z(eval” (Bsy,))),
oPs
A = — by (5.6).
IEDS,amTyac ay (y E Y) y ( )

Thus, by Remark 1.3.4, we get the result. [J

Lemma 5.3.3

aug(eval(l) (Bs.)) = expg(Bs.).
Proof. We can write
GUCLl(l) (BS@) = 51W165 + €2W2€S + -+ 5an€S,

where ¢; = £1 and the W;’s are certain words on y (1 < i < n). In the above expres-
sion, each term &;W;eg corresponds to a single S-disc. Also, the value of each ¢; gives
the sign of this single S-disc. Therefore the sum of the &;’s, that is, aug(eval) (Bg.))

must give the exponent sum of the S-discs in the picture Bg,, as required. U

The following lemma is a special case of Lemma 1.3.1 on Fox derivations (see Section

1.3.1).

Lemma 5.3.4
oPs
aug(a—y) =exp,(5) (y€y).
Now we can prove Theorem 5.3.1, as follows.

Suppose that d is not equal to 2" (n € Z"). Let

Suppose also that expg(Bg,) = 2.
Let us consider the homomorphism from D onto the infinite cyclic monoid generated

by z, defined by

y—1ley)r—u
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This induces a ring homomorphism
v : 2D — Z[x].

Note that the restriction of « to the subring ZK of ZD is just the augmentation map
aug : LK — 7.

Thus, by Lemmas 5.3.3 and 5.3.4, the image of I{’(Pp) under 7 is the ideal of Z[z]

generated by
1 — z(expg(Bs,)) = 1 — 27, exp,(S) (y €y).

Let n be the composition of v and the mapping
Zlx] — Zglx], x+— 2, n+— 7N (n € Z),
where 7 is n (mod d). Then, since exp,(S) =0 (mod d) (y € y), we get
n(ly)(Pp)) = <1-2i>
= I, say.

Lemma 5.3.5

Proof. For simplicity, we shall replace Z by z and 2 by 2. Thus we have I =< 1—2z >.
Then
<1—=2z>={p(x)(1 —22) : p(x) € Zy[z]}. (5.7)

Suppose that < 1 — 2z >= Zg[z] or equivalently, 1 € I. So, 1 = (1 — 2z)p(z)
for some polynomial p(x) € Zgy[z]. Write p(z) = ag + a1 + asx?® + -+ + a,2" where

ag, a1, Az, -+, a. € Zg. Then
1 =ag+ (a; — 2a0)x + (ag — 2a1)z* + - - + (a, — 2a,_1)z" — 2a,2" .
Thus ap — 1 = 0 (mod d), a; — 2a9 = 0 (mod d), ---, a, — 2a,_1 = 0 (mod d) and

—2a, = 0 (mod d). Since d # 1,2", we can choose an odd prime p such that p | d.
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So, p | —a, (since p is odd then p does not divide 2, but we know that p | d and
—2a, = 0 (mod d) then p | —a,). Also, since p | d, a, — 2a,—; = 0 (mod d) then
p| —2a,_1 = p | —a,_1. Similarly, since p | d and a,_; — 2a,_2 = 0 (mod d) then
p| —2a,_9 = p| —a,_2. By iterating this procedure, we get p | ag. Thus, since p | d and
ap— 1 =0 (mod d) then p | 1. But it is a contradiction. Therefore < 1 — 2z ># Z4[z],

as required. [
Let ¢ be the composition
ZD - Zyz] - Zy[]/1,

where ¢ is the natural epimorphism. Then 1 sends IJ”(Pp) to 0, and (1) = 1. In

other words, the images of the generators of I5(Pp) are all 0 under . That is,

o(1 = z(evalV (Bs,))) = on(l —z(eval? (Bg,)))
= ¢(1 —z(expg(Bs.)) since nis a ring
homomorphism and by Lemma 5.3.3

= ¢(1 —72) since expg(Bs,) = 2

and, forally € y
oPs oPs
w(a—y) = cbn(a—y)

= ¢(exp,(9)) since 7 is a ring
homomorphism and by Lemma 5.3.4
= ¢(0) since exp,(S) =0 (mod d)

= 0.

So, by Theorem 1.3.15 (Pride), Pp is minimal.
Hence the result. O

Again for simplicity, let us replace z by = and 2 by 2.
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Remark 5.3.6 Suppose that d = 2" (n € Z"). Then we get 1 €< 1 — 2z >, and so
<1—=2x >=Z,[z].

(To see this it is enough to show 2 € I =< 1 — 2z >, because we certainly have
1—2x €1l and if 2 € I then we must have 1 € I. So let us take 1 — 2x € I. Then, by
(5.7), we have

"1 —22) el =21 —2"z € [ =2""" €1 since 2"z = 0 in Zy[z] =
2" 2(1—20) €l =2"2—-2" 1w e[ =2""2¢ [ since 2" € I by the above line =

- by iterating this procedure, we get --- =2 €l =1¢€ I,

as required.)

Example 5.2.2 (continued) Since
eXpyl (S) - eXpr (S) = O’

then we get d = 0. Also, by Lemma 5.2.3, expg(Bg,) = detM. ¢

Thus, as a consequence of Theorem 5.3.1, we get

Corollary 5.3.7 Let det M = 2. Then the presentation Pp, as in (5.2), is minimal

but not efficient.

1
Example 5.3.8 One can choose the matric M = . Then we get a presenta-

11
tion Pp, as in (5.2), for the monoid D = K x4y A where

S y1ys = Your, Tyw : 17 = 2yiye and Tyyy : Yo = TY1Ya,

respectively. Thus, by Corollary 5.3.7, Pp is minimal.

Example 5.2.5 (continued) Here we have
exp, (S) =2 —k, exp,,(5) = 0.

Sod="Fk—2. Also, expg(Bs,) =1i. Then, as a consequence of Theorem 5.3.1, we have

the following result.
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Corollary 5.3.9 The presentation Pp, as in (5.3) is minimal (but inefficient) if
kE#22" 1 —1) and i=2,
where n € ZT.

Example 5.2.8 (continued) Since exp,, (S) = exp,,(S) =0 then d = 0. Also,

expg(Bs,) = ij.

Then, as a consequence of Theorem 5.3.1, the minimality of Pp can be given as follows.

v
Corollary 5.3.10 The presentation Pp, as in (5.4) is minimal (but inefficient) if
(i,7) = (1,2), (2,1).
Example 5.2.11 (continued) We have
exp,, (5) =1 -k, exp,,(5) =0,

so that d = k — 1. We also have expg(Bg,) = i. Thus, again as a consequence of

Theorem 5.3.1, we get the following result. &

Corollary 5.3.11 The presentation Pp, as in (5.5) is minimal (but inefficient) if
kE#2"—1 and 1 = 2,

where n € Z+.
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